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1. Grado de Cumplimiento

Objetivo General: Generar un marco mateméatico-computacional para los problemas de minimizacién en el area
de procesamiento de sefiales cuya formulaciéon involucre la norma de Frobenius, lo cual permitira derivar
generalizaciones de los problemas ya conocidos y mejorar las soluciones existentes
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3. Participacion Estudiantil

Este proyecto no conté con participacién estudiantil.

4. Ejecucion Presupuestaria

Presupuesto 2019
Rubro Monto Aprobado Monto Ejecutado Monto Pendiente
Utiles y materiales de @ 50 000 0 ¢ 50 000
oficina y computo
Productos de papel, carton e € 750 000 ¢ 473 180,63 ¢ 276 819,37
1mpresos
Total ¢ 800 000 ¢ 473 180,63 ¢ 326 819,37
Presupuesto 2020
Rubro Monto Aprobado Monto Ejecutado Monto Pendiente
Utiles y materiales de @ 50 000 0 ¢ 50 000
oficina y computo
Productos de papel, carton e € 750 000 € 549 000 ¢ 201 000
1mMpresos
Total ¢ 800 000 ¢ 549 000 ¢ 251 000

Las razones por las cuales no se ejecutaron al 100% del presupuesto se explica en la seccion de
Limitaciones y problemas encontrados.




5. Limitaciones o Problemas Encontrados

En el I semestre del 2019 (del 29 de enero del 2019 al 14 de marzo del 2019) se tuvo la limitante que
el investigador Jeffry Chavarria Molina fue intervenido quirdrgicamente, y eso generd una
incapacidad de 7 semanas, para la recuperacion posquirdrgica. En ese periodo los investigadores
Juan Pablo Soto y Juan José Fallas asumieron las labores correspondientes al proyecto.
Posteriormente, el investigador Juan José Fallas también tuvo un periodo de incapacidad de 22 dias
(una primera incapacidad del 29 mayo al 12 de junio 2019, la cual luego se extendi6 por una semana
mas), lo cual también fue consecuencia de una cirugia. En ese periodo de incapacidad los
investigadores Jeffry Chavarria y Juan Pablo Soto asumieron las labores del proyecto. A pesar de
ambas limitaciones, en el afio 2019 se logré avanzar satisfactoriamente con los objetivos del proyecto.
Como se detalla en el cuadro de avance, los primeros tres objetivos especificos fueron trabajados en
un alto porcentaje. El grupo de investigadores estima que en el afio 2019 se logré avanzar un 85% de
los objetivos asignados al afio 2019, a pesar de los periodos de ausencia de alguno de los
responsables, por motivos de fuerza mayor.

Para el ano 2020, especificamente durante el I semestre, las complicaciones se incrementaron por el
recargo de labores generadas como consecuencia del COVID-19. Los tres investigadores, ademés del
tiempo destinado para investigacién, atendemos 3 cursos como parte de nuestra jornada laboral.
Siendo, en algunos casos, cursos tnicos que implican una planificaciéon completa de todas las
actividades inherentes al disefio de los cursos (por ejemplo, el disefio de guias semanales de trabajo
asincrénico), preparacion de clases, disefio y aplicacion de evaluaciones virtuales, etc.
Adicionalmente, durante varias semanas (en el mes de abril) los profesores atendimos jornadas de
capacitacién (sobre plataformas como Schoology o el TEC-Digital, para la aplicacién de pruebas en
lineas), dadas las circunstancias que nos obligaron a modificar radicalmente la forma en que
atendiamos los tres cursos. Por lo tanto, el avance en el proyecto desde el mes de marzo del 2020
hasta julio del 2020 fue poco.

Después de julio del 2020, cuando ya existi6 més claridad con el manejo de las lecciones en
modalidad remota, se pudo avanzar mas en el proyecto. La ampliacién que nos brind¢ la VIE por 6
meses més (Enero-Junio 2020) permitié terminar el proyecto, sin embargo, tuvimos el problema del
desarrollo de los articulos cientificos finales. Por esa razén, se solicité entregar el informe final de
este proyecto para diciembre del 2021.

En diciembre del 2021, el coordinador del proyecto, Pablo Soto, fungié como director interino de la
escuela de Matematica. Eso impidi6 que se finalizara el informe final en diciembre del 2021, debido
a la falta de unos detalles del altimo articulo cientifico que se estaba desarrollando (Ver Anexos 13
y 14). Dicho informe y sus respectivas publicaciones fueron finalizando en el mes de Enero del 2022.

Se present6 problemas en la ejecucion total del presupuesto, ya que el coordinador del proyecto,
Pablo Soto, no tenfa manejo claro del manejo de dicho dinero. Pensaba que el dinero por los 2 afios
se podia usar en cualquier comento de esos 2 afios. Entonces, con el rubro relacionado con ttiles y
materiales de oficina y computo, pensaba que se podian gastar todos los 100 mil colones en el 2020,
lo cual no fue asi. Por otra parte, en el 2020 no se gastaron los 50 mil colones asignados a ese rubro
debido a la pandemia. Ese dinero se iba a utilizar en 2 pizarras, pero al estar en modalidad remota,
entonces no se pudo realizar dicha compra.



e Con respecto a los productos de papel, carton e impresos, se hizo la compra de todos los libros y
articulos posibles relacionados con el tema de investigacion, el cual los miembros del proyecto
utilizaron. Ya no habia necesidad de gastar en mas libros, por eso quedé un dinero sobrante.

6. Anexos

A continuacién, se indica el detalle de los anexos, los cuales sustituyen al informe general
denominado Documento 1 (Ver mas detalles en la seccién Plan de Difusién).:

e Anexo 1: Descomposiciéon en valores singulares de una matriz: un repaso por los fundamentos
tedricos y sus aplicaciones en procesamiento de imégenes

e Anexo 2: A general class of arbitrary order iterative methods for computing generalized inverses

e Anexo 3: Iterative processes with arbitrary order of convergence for approximating generalized
inverses

e Anexo 4: A Fast Algorithm for Image Deconvolution Based on a Rank Constrained Inverse Matrix
Approximation Problem

e  Anexo 5: Effective implementation to reduce the execution time of a low-rank matrix approximation
problem

e Anexo 6: Error analysis of the generalized low-rank matrix approximation

e Anexo 7: Data Compression: Multi-Term Approach

e Anexo 8: Second Degree Model for Multi-Compression and Recovery of Distributed Signals

e Anexo 9: Extended Principal Component Analysis

¢  Anexo 10: Matrix approximation by a sum of matrix products

e Anexo 11: Fast Multiple Rank-Constrained Matrix Approximation

e  Anexo 12: Multinomial Karhunen-Loeve Transform

e  Anexo 13: FrolmPro: A Mathematical-Computational Framework Based on Frobenius Norm for a
Set of Image Processing Problems

e Anexo 14: Toolbox de aplicaciones de la norma de Frobenius en procesamiento de imagenes.
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DESCOMPOSICION EN VALORES
SINGULARES DE UNA MATRIZ: UN REPASO
POR LOS FUNDAMENTOS TEORICOS Y SUS
APLICACIONES EN EL PROCESAMIENTO DE
IMAGENES

Juan José Fallas-Monge, Jeffry Chavarria-Molina, Pablo Soto-Quiros

Instituto Tecnoldgico de Costa Rica, Costa Rica.

ABSTRACT

This review paper systematizes a detailed, didactical and own construction of the singular value
decomposition (SVD). The theory is complemented with relevant applications to image processing.
Also, the algorithms of those applications and numerical examples are shown. The way how the
document is organized allows it to be useful for students and researchers with interest in the SVD

and its applications to image processing.

KEYWORDS: SVD, singular values, image processing, Linear Algebra.

MSC: 15-01, 15A18, 15A23

RESUMEN

El presente articulo, de tipo review, sistematiza una construccion propia, detallada y didactica de
la descomposicién en valores singulares de una matriz (SVD, por su siglas en inglés). A su vez,
complementa el desarrollo tedrico con aplicaciones relevantes de la SVD en el procesamiento de
iméagenes, junto con los algoritmos respectivos y ejemplos numéricos. La forma clara en que se
estructura el documento le permite ser 1til para aquellos estudiantes e investigadores dedicados al

estudio de la SVD y sus aplicaciones en procesamiento de imégenes.

PALABRAS CLAVE: SVD, valores singulares, procesamiento de imégenes, Algebra Lineal.

1. INTRODUCCION

La descomposicién en valores singulares de una matriz (SVD, por sus siglas en inglés) es un tipo de
factorizacién que generaliza para cualquier matriz rectangular el concepto de valores propios, mediante
una extensién de la descomposicién polar ([16, 13]). Esta estrategia es similar a la diagonalizacién de

matrices, la descomposicién QR o la descomposicién LU, sin embargo, tiene la ventaja que existe para

*jfallas@itcr.ac.cr, jchavarria@tec.ac.cr, jusoto@tec.ac.cr
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cualquier matriz, sin imponer limitaciones sobre su dimensién. Como se mostrard posteriormente, la
SVD es ampliamente utilizada en diversas aplicaciones, algunas de las cuales se abordardan con detalle
en este documento. Parte de su fortaleza recae en que los valores singulares permiten organizar, en
cierto sentido, la informacién almacenada en una matriz. Los valores singulares de mayor magnitud
se asocian a subespacios propios que condensan la informaciéon mas significativa de los datos. Esto
permite reducir la dimensionalidad de problemas concretos como la compresién de imégenes, en donde

es posible controlar la calidad de la compresién, mediante la magnitud de dichos valores.

El inicio del estudio de la SVD fue en 1873 mediante los trabajos desarrollados por Eugenio Beltrami
([4]) v Camille Jordan ([19]). Sobre esto, el matemdatico G. W. Stewart resalta que Beltrami y Jordan
son los progenitores de la SVD, ya que Beltrami fue el primero en llevar a cabo la publicacién de dicha
descomposicién y Jordan por la completitud y la elegancia de la representacién ([25]). Curiosamente,
el origen de la SVD precedi6 al uso de las matrices, ya que los resultados se desarrollaron en términos

de determinantes, formas bilineales y formas cuadraticas ([25, 22]).

La SVD tiene diversas aplicaciones en Matematica tales como calcular la inversa de Moore-Penrose,
determinar el rango de una matriz, calcular el espacio nulo y rango de una transformacién lineal (
[15, 16, 13]) e, inclusive, en Estadistica ha sido utilizada como una generalizacién del método de
Anélisis de Componentes Principales ([18]). Sin embargo, en los tltimos afios este concepto también
se ha extendido al campo de la ingenieria. La bisqueda y ordenamiento de documentos relevantes
dentro de una determinada coleccién (como lo hacen los motores de bisqueda en Internet), asi como
en el desarrollo de sistemas de control de multiple entrada y multiple salida, con el fin de mejorar
las ondas de transmision y recepcion en antenas para dispositivos inalambricos, son ejemplos de ello
([27, 28]). En el procesamiento de imdgenes también ha ido en aumento y esto es relevante porque
afecta positivamente areas como la medicina, telecomunicaciones, control de procesos industriales y al
entretenimiento ([23]). Algunos ejemplos concretos son la compresién de imdgenes digitales a través
del rango matricial ([22, 8]), el modelado de fondo de videos ([30]), la eliminacién de ruido de una

imagen ([1, 30]) y el reconocimiento facial ([29]).

El presente articulo, de tipo review, muestra una revision meticulosa y auténoma de la descomposicién
en valores singulares de una matriz, con particular énfasis en algunas aplicaciones en el procesamiento
de imagenes. La construccién tedrica realizada es propia de los autores, no en el sentido de la origi-
nalidad de los resultados y teoremas que se usan (todos ellos son ampliamente conocidos en Algebra
Lineal), si no en la forma didédctica en que se organizan y detallan en el documento para que cualquier
lector con conocimientos bésicos de Algebra Lineal pueda asimilar la deduccion, sin necesidad de es-
tar consultando recurrentemente otros articulos o libros. Dichas explicaciones se complementan con
ejemplos numéricos que ayudan al lector para una mejor comprension de los resultados. Muchas otras
publicaciones relevantes tratan la SVD (ver [25] y [22], por ejemplo), sin embargo, se enfocan en el
teorema en si y su demostracion, dejando de lado los conceptos y resultados periféricos necesarios para
el proceso. Por ello, el articulo da una visién tedrica mas completa y global de la SVD, que potencia

al lector a entender cémo esta descomposicién funciona en aplicaciones concretas.

Por otra parte, el ejemplo clasico en la literatura sobre la SVD en el drea del procesamiento de imégenes
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consiste en la compresién de imagenes, por lo que el presente articulo muestra detalladamente otras
aplicaciones actuales y que no son frecuentemente referenciadas al mostrar ejemplos aplicados de esta
descomposicién. Por ello, se mostrard cémo la SVD puede ser utilizada en el modelado de fondo de
imégenes para la deteccién de movimiento en videos, en la eliminaciéon de ruido de una imagen y en

el reconocimiento facial.

Cabe aclarar que los autores del presente documento no elaboraron ni propusieron los algoritmos y
aplicaciones mencionados en la Seccién 4. Los autores solo se dedicaron a realizar la reproduccién de

ellos, y realizar una presentacién y organizacién original de estos métodos.

Finalmente, el articulo esta organizado de la siguiente manera. En la seccién 2 se presentan los concep-
tos previos necesarios para formalizar la SVD. En la seccién 3 se formaliza y ejemplifica la descompo-
sicion. En la seccién 4 se sintetiza un conjunto de aplicaciones de la SVD en al area del procesamiento

de imégenes. Finalmente, en la seccién 5 se presentan las conclusiones.

2. PRELIMINARES

En esta seccién se resumen los conceptos y resultados necesarios para formalizar la SVD. Algunos de
ellos se justificaran en el texto, otros son bastante conocidos y pueden ser facilmente encontrados en

la literatura.

Dados m,n € N, se denotard con Mat(C, m,n) el conjunto de las matrices de entradas complejas de m
filas y n columnas. Por su parte, Mat(C, n) denota el conjunto de las matrices cuadradas de orden n de
entradas complejas. Se escribird A, xn 0 Ay, si A € Mat(C,m,n) o A € Mat(C, n), respectivamente. A
la matriz ¥ € Mat(C, m, n) tal que g;; = 0, cuando i # j, se le denomina matriz diagonal generalizada.

En el caso que X sea cuadrada, simplemente se le llama matriz diagonal.

*

ij
Vi,j. Si U solo tiene entradas reales, entonces U* = UT. En caso que U € Mat(C,n), se le llama

Si U € Mat(C,m,n), la transpuesta conjugada de U se denotard U*, y satisface que u};, = u;,
hermitiana o autoadjunta si U = U*. Ademas, U es unitaria si U* - U = I,, = U - U*, esto es, si
U1 existe y U~ = U*. Es claro que las matrices cuadradas AA* y A*A son hermitianas, para toda
A € Mat(C,m,n).

Dada A € Mat(C, m,n), una representacion de A por bloques con p bloques-fila y ¢ bloques-columna

tiene la forma:

A A ... Aygg
A=| e
Ay Ape ... Ay
tal que para i fijo (1 < ¢ < p) todas las submatrices A;; (1 < j < q) tienen que tener la misma
cantidad de filas (no asi con el nimero de columnas). Similarmente, para j fijo todas las submatrices
A;; tienen que tener la misma cantidad de columnas (no asi con el nimero de filas). Evidentemente,
la representacién por bloques de una matriz no es unica. Si las matrices A € Mat(C,m,n) y B €

Mat(C, n, s) se organizan por bloques de manera que A tiene p bloques-fila y ¢ bloques-columna,
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y B tiene ¢ bloques-fila y ¢ bloques-columna, entonces el producto AB estd dado por (AB);; =
> AugBij, 1 <i<p, 1<j<t,siempre que el producto de bloques A;,By; esté bien definido
para todo k.

Si A € Mat(C,m,n), el rango columna de A es el nimero méximo de columnas que son linealmente
independientes. Similarmente, el rango fila de A es el nimero méximo de filas que son linealmente
independientes. En [20] se demuestra que dichos valores son iguales y se le denomina el rango de A.
Es comtn utilizar las notaciones r(A) y rg(A) para denotar a este valor. Es claro que 0 < r(A) <
min{m,n}, y en caso que r(A) = min{m,n}, entonces se dice que A es de rango completo. Algunas

de las propiedades bastante conocidas sobre el rango de una matriz son:

= Si A es una matriz cuadrada, A es invertible si y solo si es de rango completo.
» Si B € Mat(C,m) es una matriz no singular, r(BA) = r(A), para todo A € Mat(C, m,n).

» Si ¥ € Mat(C,m,n) es una matriz diagonal generalizada, entonces su rango corresponde al

numero de entradas no nulas.

Para A € Mat(C,n), a un vector v € C", v # 0, se le llama vector propio de A si existe un escalar
A (lamado walor propio) tal que Av = Av o, equivalentemente, (A, — A)v = 0. Esta definicién
implica analizar la ecuacién matricial (A, — A) X = 0, que tendrd soluciones no triviales si y solo
si 1(AI, — A) < n. Por ende, A es valor propio de A si y solo si |Al, — A] = 0. A la expresién
P(\) = |AL, — A| se le denomina polinomio caracteristico de A y a |A\, — A] = 0 la ecuacidn

caracteristica. Los valores propios de A son las raices de su polinomio caracteristico.

En caso que exista una matriz Q no singular tal que A = Q¥Q~! (o, equivalentemente, Q1 AQ = X)),
donde ¥ es una matriz diagonal, entonces se dice que A es diagonalizable. Esto es, A es diagonalizable
si es semejante a una matriz diagonal. En general, una condicién necesaria y suficiente para que una
matriz A € Mat(C, n) sea diagonalizable es que su polinomio caracteristico tenga solo raices reales y
tal que para cada valor propio A, de multiplicidad k, k > 2, deben existir k vectores propios linealmente
independientes. Si esto sucede, entonces las columnas de @ estan formadas por tales vectores propios
y ¥ contiene en su diagonal a los valores propios de A, ordenados de manera respectiva como los
vectores propios correspondientes fueron colocados como columnas de @. La diagonalizacién de una
matriz cuadrada, en caso que sea posible, da una factorizacion de ella y esto es ttil, por ejemplo, para
la rotacién de secciones cénicas y para el cilculo de A™, n € N. No obstante, la diagonalizacién de

matrices tiene tres desventajas significativas:

= La matriz tiene que ser cuadrada. En muchas aplicaciones la matriz de datos no es cuadrada, y

por ende la diagonalizacién deja de ser una herramienta 1til.

= Los vectores propios de A usualmente no son ortogonales. Para el caso que A sea simétrica
y de entradas reales siempre es posible diagonalizarla ortogonalmente (u ortonormalmente, en
caso que se necesiten vectores propios unitarios), sin embargo, para cada valor propio de A de

multiplicidad k, & > 2, es necesario seleccionar k vectores propios ortogonales del subespacio
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propio respectivo. Esta seleccién no siempre es inmediata, y puede que se tengan que realizar

calculo adicionales, como el proceso de ortogonalizacién de Gram-Schmidt.

= Usualmente no hay “suficientes” vectores propios. Esto pasa en caso que el subespacio propio
asociado a un valor propio de multiplicidad k, & > 2, tenga un dimensiéon menor que k. Por
ende, no es posible construir todas las columnas de la matriz @) que define la diagonalizacién,

con la caracteristica de ser linealmente independientes.

Como se vera luego, la descomposicién en valores singulares de una matriz es una alternativa mas

eficiente a la diagonalizacién de matrices, dado que evita las tres limitaciones citados arriba.

Algunos de los teoremas que permiten justificar ciertas caracteristicas de la SVD se demuestran
utilizando las propiedades de un producto interno (conocido también como producto escalar). Por ello
es necesario recordar que si V' es un espacio vectorial sobre C, un producto interno en V' es una funcién
(-,-) : VxV — F que satisface para todo u,v,w € V y para todo o € C lo siguiente: (u,v) = (v,u) ,
(au,v) = a(u,v), (u+v,w) = (u,w) + (v,w), {(u,u) >0y (u,u) =0 <= u = 0. De la definicién
se deduce ficilmente que: (z,y+ z) = (z,y) + (z,2) v (z,ay) =@ (z,y). La forma general de un
producto interno en C" se conoce como la forma hermitiana y es tal que (u,v) = v*Mu = u*Mv,
para todo u,v € C", donde M es cualquier matriz hermitiana definida positival y v* es el conjugado

transpuesto de v. Es comtn seleccionar M = I,, y, por ende, usualmente se esribe: (u,v) = v*u.

Si S ={uy,...,un} es un conjunto ortogonal de vectores no nulos de un espacio vectorial V' sobre C

de dimensién n, entonces para i € {1,...,n} se tiene que:
n
O:ch~ukéu?O:cr(ufoui)é():clw(ui,uﬁ = =0
k=1

Por lo tanto, todo subconjunto ortogonal finito de un espacio vectorial de dimension finita es lineal-
mente independiente. De hecho, como la cantidad de vectores no nulos linealmente independientes
en S es n, que coincide con la dimensién de V', entonces S es una base de dicho espacio vectorial,
denominada base ortogonal de V' y si, ademas, los vectores de .S son unitarios, entonces S es una base

ortonormal de V.

Se concluye esta seccién con la prueba de cuatro resultados fundamentales para establecer la SVD de

una matriz. En resumen:

= Todo valor propio de una matriz hermitiana es real.
= Si A € Mat(C,m,n), los valores propios de las matrices AA* y A*A son reales no negativos.

= Los vectores propios asociados a valores propios distintos de una matriz hermitiana generan

subespacios propios ortogonales.

» Las columnas de una matriz unitaria de orden n forman una base ortonormal de C".

1La matriz M hermitiana se dice definida positiva si u*Mu > 0, para todo u € C™ no nulo. Otra forma equivalente

de definirla es que todos los autovalores (valores propios) de M sean positivos.
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Teorema 1 (Valor propio de una matriz hermitiana)

Sea U € Mat(C,n) hermitiana. Si A es un valor propio de U, entonces A € R.

Prueba: Sea v € C™ un vector propio de U (v # 0, por definicién) asociado a A. Note que:
A (v,0) = {(v,\) = (v,Uv) = (Uv)v=0v"U*v
= v Uv= (Uv,v) = (Av,v) =X (v,v)

Asf, (A = A) «(v,v) = 0. Como v # 0, entonces A = X y de ahi se tiene el resultado.

Teorema 2

Sea A € Mat(C, m,n). Los valores propios de A*A y de AA* son no negativos.

Prueba: Sea X valor propio de A*A (el otro caso es similar) y v un vector propio asociado a A\. Como

A* A es hermitiana, en virtud del teorema 1 se sabe que A € R. Luego,
A-(v,u) = (v, ) = (v,A%Av) = (A" Av)" v = v A" Av
= (Av)"Av = (Av,Av) >0

Asi, A+ (v,v) >0, de donde A > 0.

Teorema 3
Sea U € Mat(C,n) hermitiana. Si A1 y A2 son autovalores de U, tales que Ay # Ao, y v1 Yy U2

autovectores asociados a \1 y Ao, respectivamente, entonces v1 L vs.

Prueba: En efecto:
A1 (v,v9) = (Mo, ve) = (Uv,ve) = vyUv = v3U%0y
= (Uvy)*vy = (v1,Uvs) = (v1,Av2) = Ag (vy,v2)
= A2 (v1,v2)

Ast, (A1 — A2) «(v1,v2) =0, de donde vy L vs.

Teorema 4
Sea U € Mat(C,n). U es unitaria si y solo si sus vectores columnas forman un conjunto ortonormal

con el producto escalar complejo usual.
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Prueba: Denote U = (uy us ... uy,), donde cada u;, 1 < i < n, corresponde a la i-ésima columna de
C. Note que:

uj uiur  ujuz ... U U
us usUL  UsUL ... USU
U = | (urug ) = '
uy, urUL UpU2 ... Uk Up
<u1au1> <u27u1> <un,U1>
(u1,ug) (ug,ug) ... (un,u2)
<u17 un> <u27 un> .. <Un, un>

De lo anterior se concluye que: U unitaria <= U*U = I, <= [(u;,u;) =0parai#jy
(ui,u;) = ||u;||> =1 parai € {1,...,n}]. Esto finaliza la prueba. &

En virtud del teorema 4, las columnas de una matriz unitaria U € Mat(C,n) forman una base
ortonormal de C™ con respecto al producto escalar usual y, ademas, se deduce que toda matriz unitaria

es de rango completo.

3. LA DESCOMPOSICION EN VALORES SINGULARES

En esta seccion se procederd a formalizar y ejemplificar la SVD. El teorema 5 establece la existencia
de la descomposicion para una matriz cualquiera. Para la prueba, suponga sin pérdida de generalidad

que n < m (adaptaciones minimas permiten establecer la prueba para el caso que n > m).

Teorema 5 (Ezistencia de la SVD)

Sean m,n € N y A € Mat(C,m,n) de rango r. Existen matrices unitarias Upxm Y Vaxn tales
que A = UXV*, donde X xn € una matriz diagonal generalizada de entradas reales no negativas.
Dicha factorizacion se le llama descomposicion en valores singulares y si A solo tiene entradas reales,
entonces A =UXVT.

Prueba: Primero se tiene que r = r(A) = r(A*A) (ver [6] para la prueba de este hecho). Luego,

en virtud del teorema 2 los valores propios de A*A son no negativos. Denote dichos valores propios

of > 03 >...>02 >0, =02, =...=02 =0y los respectivos vectores propios vi,...,v,
normalizados. Asi,

A*Av; = o%v;, parai=1,...,n (3.1)
Del teorema (3) se concluye que {vy,...,v,} es un conjunto ortogonal (en realidad, ortonormal, por la
normalidad pedida sobre los v;). Considere las matrices V. = (vy va ... v;), Vaer = (Vg1 Upgo ... Up)

y X, = diag(o1,...,0,). De (3.1) note que:
A*AV, =V, %2 (3.2)
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Ademads, como {vy,...,v,} es ortonormal, entonces V,*V,. = I, por lo que
A*AV, = VX2 = VA AV, = VIV, X2 = VAT AV, = X2

Luego,
VIA*AV, =32 = S W ATAV S = T (3.3)

Ahora, denote U, = AV, X!, de donde

Ur =2 'vrAx (3.4)
De (3.3), entonces se nota que UfU, = I y por ende U, es una matriz unitaria de tamano m x r.
Considere ahora otra matriz unitaria U,,_, de tamanio m x (m — r) tal que U,,_, sea ortogonal a
U,.. Esto es, que cada vector-columna de U,,_, sea ortogonal a todo vector-columna de U,., de donde
U;,_,. U, = 0. La existencia y forma para construir a Uy, _,, la garantiza el proceso de ortogonalizacién
de Grand-Schmidt. Ahora, defina U = (U, Up—r) y V = (Vi V). Asi,

U*

U*AV Uy Up_y) AV, Vo) = ( v )A(V,. Viey) (3.5)

U*

m—-r

UrA UAV,  U*AV,_.
- r (Vr Viy) = v r (3.6)
Ur_ A U _ AV, U _ AV,_,

Como Av; =0, parai =171+ 1,...,n, entonces AV,,_,. = 0. Ademds, de las ecuaciones (3.2) y (3.4) se
tiene que UFAV, = S V*A* AV, = 371V V.32 = 3,.. Por otra parte, como U, = AV, X1, entonces
U,X, = AV, por lo tanto de la construccion de U,,_, se obtiene: U, _, AV, = U} _, U.X, =0-Z, =0.

Regresando a la ecuacion (3.5) se observa que:

U AV — UrAV, UrAV,_, _ . 0
u,_ AV, Ux_ AV, _, 0 0
Si a esta ultima matriz se le denomina 3, entonces
U*AV =X = UUAVV* =UEV* = A=UXV",

donde Uyxm ¥ Vaxn son matrices unitarias?, tal y como se querfa probar.

&

A partir de la SVD de A, como U y V* son de rango completo (por ser unitarias y por ende invertibles),
entonces r(A4) = r(UXV*) = r(X). Asi, r(A) = r es el nimero de entradas no nulas de la matriz X.

Por su parte, la matriz A no tiene por qué ser de rango completo.

En la prueba del teorema (5) se observa que los vectores propios en V,,_,. estdn asociados a los valores

propios nulos de A*A . Por ende, para la construccién de las tultimas n — r columnas de V basta

2Como UU- =1,U0 _ Upn—r =1y Uy _ U, =0, entonces ficilmente se ve que U*U = I y, por lo tanto, U es

unitaria. Similar pasa con la matriz V.

155



seleccionar n — r vectores ortonormales del nicleo de® A, para ello se resuelve el sistema Av = 0.
Asi, v1,...,Vp, Vpg1, ..., v, forman una base ortonormal para C". A estos vectores se les suele llamar

vectores singulares por la derecha.

Adicionalmente, en la prueba se parte del analisis de los valores y vectores propios de la matriz A*A.

Sin embargo, una construccién similar pudo haberse realizado a partir de la matriz AA*. Note que:

A=UZV* = A" =VEU"= AA* =UXV*'VEU"

= AA* =UXY'U" = AAU =U%Y"

La igualdad AA*U = UXY" da una diagonalizacién de AA*. En efecto, si se denota u; a las columnas
de U, entonces se tiene que AA*u; = ojzuj, para j = 1,...,m. Por lo tanto, las columnas de U
corresponden a vectores propios de AA*, asociados a los valores propios 032- de AA*, que a su vez
corresponden a los valores propios de A*A. En resumen, los valores propios de las matrices AA* y
A* A coinciden, y corresponden a los valores singulares de la matriz A. Por lo tanto, para determinar
los valores singulares de una matriz A conviene trabajar con A*A o AA*, segin cudl sea de menor

tamano. Esto con el objetivo de tomar el polinomio caracteristico de menor grado.

Si el proceso se comienza con la matriz AA*, entonces las ultimas m — r columnas de U se toman
del nicleo de A*, esto es, se determinan m — r vectores ortonormales a partir del sistema A*u = 0.
De esta manera uq, ..., Ur, Urt1, - - -, Uy forman una base ortonormal para C™. A estos vectores se les
suele llamar vectores singulares por la izquierda. Antes de establecer algunos ejemplos, tome en cuenta

que:
= Para construir la matriz V si ya se tiene la matriz U, basta aplicar el hecho que
A=UXV*" = A" =V¥X'U*= AU =VE"
Asi, A*uj = ojv;. Por lo tanto, para los g; # 0, 1 < j < min{m,n}, se tiene:
1

v; = —A*u; 3.7
= A (37)
La ortogonalidad de los vectores u; implica que los vectores v; construidos en (3.7) sean orto-

gonales también. En efecto, si i # j, entonces:

*
) =0t = (LAY ) LAY = L AAY L = -t olus = S5 (s w) =
(vj,v;) =viv; = (UiA ul) oAUy = uf AAT = muioguy = o (uj,u;) =0

Por lo tanto, solamente falta normalizarlos. Si ya se tienen todos los v;, listo; si no, se busca una

base ortonormal del Ker(A) y se agregan para formar a V.

= Si se tiene la matriz V', entonces la matriz U puede ser construida de la siguiente manera. Como
A =UXV*, entonces AV = UX. Luego, Av; = o,uj, donde 1 < j < min{m,n}. Para los o; # 0
se obtiene:

1
u; = — Av;
J J
aj

3En realidad, se deben tomar del nicleo de A*A, sin embargo, Ker(A) C Ker(A*A). Por ello es suficiente con

construir una base ortonormal para el Ker(A).
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Similar a como sucede en el caso anterior, la ortogonalidad de los vectores v; implica la ortogo-
nalidad de los vectores u;, los cuales deben ser normalizados. Si ya se tienen todos los u;, listo;

si no, se busca una base ortonormal del Ker(A*) y se agregan para formar a U.

3.1. Reduccion de la SVD

En muchas aplicaciones es comun utilizar una version simplificada de la SVD. Utilizando las notaciones

empleadas en el teorema 5 se tiene que:

2. 0
A=USV* = (Uy Up_,)- (0 0) (Ve V) (3.8)
‘/'T*
= (U,%, 0)- =U,%, V) (3.9)
Vi,

En sintesis, dada A € Mat(C, m,n), la descomposicidn reducida en valores singulares de A estd dada
por A = U,X%, V¥, donde r = r(A), que corresponde al nimero de valores singulares no nulos de A,
que a su vez son los valores propios no nulos de las matrices AA* y A*A. Las matrices U, X, y V.
son como se definieron previamente. Se advierte que dicha reduccién favorece porque utiliza matrices
de menor tamano, sin embargo, se pierden propiedades sobre ellas. Por ejemplo, las matrices U y V en
la descomposicién completa son unitarias, pero U, y V. no necesariamente lo son (ni siquiera tienen

que ser cuadradas).

Si se visualiza a U, como una matriz de 1 bloque-fila y 1 bloque-columna (es decir, un tinico bloque,

la matriz total) y a 3, como de 1 bloque-fila y r bloques-columna, entonces:

U1 U112 U1y 01 0 0
U1 ug2 e U2y 0 (o) e 0
Urzr =
U U A7) 0 0...|l0
ml m2 mr/ 41 T 1xr
o1u1l | O2U12 | ... | OplUlp
O1U21 | O2U22 | ... | OplUgy
= . . = (0'1U1 ‘ goU2 | | UTuT)lxr
01Um1 02UM2 oo | OrUmer 1
Xr
Ahora, como V;. = (v1 v2 ... v,), entonces V;* puede ser visualizada como una matriz por bloques
£
Lt
"
)

de r bloques-fila y 1 bloque-columna. Es decir, V,} =

X1
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Por ende,

U,V

(o1uy | ooug | ... | opur) ., -

rx1

= o1uv] + o2ugvs + ... + opuU

*

A la igualdad U,%, V¥ = oiu1v] + oaugvs + ... + o,u,v) se le conoce como la SVD reducida y es
facilmente aplicable en contextos como la compresién de imagenes, tal y como se mostrard en la

siguiente seccion.

4. APLICACIONES DE LA SVD

En esta seccidn se sintetizan algunas de las aplicaciones de la SVD. Los experimentos numéricos
desarrollados en esta seccién se realizaron en una computadora del Instituto Tecnolégico de Costa
Rica. La computadora contiene un procesador Intel(R) Core(TM) i7-4712MQ CPU 2.30GHz, memoria
8GB, utilizando el programa de calculo numérico MATLAB.

4.1. Compresion de imagenes

La combinacién lineal
U, 2.V = o1uiv] + o2ugvy + ... + 0aUaqVs + ... + U0, (4.1)

con 1 < a < r, muestra como la SVD reducida de una matriz puede ser vista como una técnica de
compresién de imagenes. Dado que 07 > 02 > ... > 0, > 0, entonces dicha combinacién agrupa de
manera ordenada la informacién que se extrajo de la matriz de datos (que representa a la imagen
tratada). Por lo tanto, la matriz oyujv} es la que contiene la informacién més significativa, en caso
que se desee reconstruir la imagen original. Si o1 > 09, entonces la matriz oougv; es la segunda en
contener informacién de mayor calidad para realizar la reconstruccién, y asi sucesivamente. En la
Figura 1 se utiliza la imagen boat.512.1iff (ver [26]), que es de tamafnio 512 x 512 pixeles, lo cual genera
una matriz? A de 262144 entradas. Con respecto a la Figura 1, en (a) se muestra la imagen original
y, posteriormente, se muestra la reconstruccién de la imagen usando diferentes truncamientos para
la combinacién lineal. Por ejemplo, para el caso a = 10 se realiza el producto matricial UygX10V(p.
Para efectos de almacenamiento, note que Uy es una matriz de 512 - 10 = 5120 entradas, ¥1o puede
almacenarse como un vector de 10 entradas y Vi también tiene 10-512 = 5120 entradas. Es decir, en
total 10250 entradas. Evidentemente, la compresion con a = 10 genera mucha pérdida de informacién
con respecto a la imagen original. De manera similar, en (f) se muestra la reconstruccion realizada con
a = 100, la cual es de mucho mas calidad. En este caso se estarian almacenando 102500 entradas, que

es menos de la mitad del nimero de entradas que representan a la matriz original. Evidentemente,

4Para el lector que no se encuentra familiarizado con la representacién computacional de una imagen puede consultar

alguna referencia afin. En particular puede ver [14].
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entre més alto sea el valor de a (que estd acotado por r(A)), mayor calidad tendrd la reconstruccién,

pero baja el nivel de comprension.

A modo de ensayo, las matrices generadas con o = 10 y o = 100 fueron almacenadas por separado en
archivos de texto. Lo mismo se realizé con la matriz A, la cual generd un archivo de tamano 2.25 MB.
La Tabla I muestra la informacién obtenida. Nétese que para el caso de a = 100, los tres archivos
almacenados en conjunto tienen un tamano de 951 KB, que representa aproximadamente el 41 %
del tamano del archivo generado con la matriz A. En este ejercicio la comprension resulté bastante
beneficiosa con a = 100. Una buena estrategia para seleccionar un valor adecuado para « es realizar
el grafico de las magnitudes de los valores singulares de A. La Figura 2 muestra, para el ejemplo,
el comportamiento de los primeros 100 valores no nulos. De la grafica se nota que o59 y 01909 son
pequenos en magnitud, comparados con los primeros valores singulares de A. Por ello, es razonable
que haber pasado de a = 50 a « = 100 no generara una mejoria tan significativa en la reconstruccién

de la imagen, como si sucedi6 al pasar de a = 10 a a = 50.

Matriz Uso, diag(S10), Vio U100, diag(S100), Voo
Tamano del archivo | 48.4 KB, 111 bytes, 48.2 KB | 475 KB, 1011 bytes, 475 KB

Tabla 1: Tamafo de los archivos de textos generados con a = 10 y o = 100.

Imagen original.

Figura 1: Reconstrucciéon de una imagen usando diferentes valores para « en la SVD reducida.
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Figura 2: Gréfica de los valores singulares de la matriz A asociada a la imagen boat.512.tiff.

4.2. Calculo de la pseudoinversa de una matriz

En muchas aplicaciones surgen sistemas de ecuaciones lineales de la forma AX = B, en los que la
matriz de coeficientes es cuadrada y no singular, los cuales admiten la solucién tnica X = A~!'B.
Sin embargo, también es comin que surjan sistemas lineales en los que la matriz A es singular. Para
estos casos se puede recurrir a un concepto més general que la matriz inversa (que involucra incluso

matrices no cuadradas), que permite generar matrices que se relacionan con las soluciones del sistema.

Dada A € Mat(C,m,n), una inversa generalizada de A es cualquier matriz de tamafio n x m, denotada
A~ que satisface que AA~A = A. Si la matriz A es no singular, entonces es claro que A~! satisface
la condicién anterior. Adicionalmente, si A~ es cualquier otra inversa generalizada para la matriz no
singular A, entonces AA~A = A, de donde A~ = A" TAA=AA = A"1AA~! = A=, En resumen,
para matrices no singulares la inversa generalizada siempre existe, es tinica y corresponde a la matriz
A~!. En caso que A sea singular, la inversa generalizada siempre existe, pero no necesariamente es

unica (ver [15] para méds detalles).

Este criterio se puede aplicar al sistema de ecuaciones lineales consistente AX = B, donde A no tiene
que ser cuadrada ni invertible. Note que si A~ es una inversa generalizada de A, entonces X' = A~ B
es una solucién del sistema AX = B. En efecto, si Xy es cualquier solucién de dicho sistema, entonces
AXy= B,y asi:
AX'=A(A"B)=AA"B=AA"AXy=AX,=B

El concepto general presentado para una inversa generalizada es tan amplio (por la no unicidad), que
puede ser poco aplicable. Por ello, existe un caso particular de inversa generalizada denominada inversa
de Moore-Penrose o pseudoinversa, la cual siempre existe para cualquier matriz A y es unica (ver [3]).
Se define de la siguiente manera: dada una matriz A € Mat(C,m,n), la inversa de Moore-Penrose
de A se denota AT (de tamafio n x m) y es la tnica matriz que satisface las condiciones AATA = A
y ATAAT = At y que, ademss, las matrices AAT y ATA sean hermitianas (esto es, (AAT)* = AAt y
(ATA)* = ATA).
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A partir de la SVD de la matriz A € Mat(C, m,n) (refiérase al teorema 5), facilmente se puede estable-

cer una férmula que permite calcular la inversa de Moore-Penrose. En efecto, si A = UX V™, entonces

¥-too
Al = VIU*, donde ©F = diag(o7?,...,0,%,0,...,0) = 6 0 € Mat(C, m,n). Dada la uni-

cidad de la pseudoinversa de Moore-Penrose, basta verificar que dicha matriz satisface la definicién

correspondiente. En efecto, como U y V son unitarias, entonces:

w AATA = USVVESIUFUSV* = USEISV* = USV* = A, dado que:

S G L 1 E B O G i B
0 0 0 0 0 0 0 0 0 0 0 0
Siguiendo un razonamiento similar se tiene XTEET = &t y por ende
ATAAT = VETUrUSV*VEIU* = VETU* = Af
= Es claro que (EZT)* = Y%, por lo tanto:
(AAh* = (Uzvrvstur) = westur) =u (220 U*
= USSIU* = USV*VEIU* = AAT

Andlogamente, como (ZTE)* = Y1, entonces se comprueba que (ATA)* = ATA.

Con fines ilustrativos, a continuacién se muestra el calculo de A" para dos de las matrices mostradas

en los ejemplos de la seccién 3.

0 2 0 1\(i 0o o0 L oo 0 0 0
A=]0 0|=4"= 2 01 0f={,
10 0 0 O 5 00
0 0 0 0 1
1 1 1 72
5 9 o V2 3v2 V3 %0 11 45 15
_ T I T T | 1 V2. V2 ) | 2 7
A<2 3 _2>§A V2 3v2 V3 0 3 P )
0 2v2 1 0 0 V2 V2 2 -2
3 V3 9 9

Es importante aclarar que este método es muy preciso, pero poco eficiente en términos del rendimiento
computacional, particularmente cuando se aplica a matrices grandes. Sin embargo, para acelerar el
rendimiento en el cédlculo de la pseudoinversa existen varios métodos iterativos, algunos de los cuales

pueden consultarse en [5], [21] y [2].

Finalmente, el concepto de pseudoinversa se puede utilizar en el procesamiento de imagenes para la
eliminacion de ruido. Por ejemplo, considere la imagen en escala de grises de Einstein que se muestra
en la Figura 3(a), la cual se representa numéricamente como una matriz X de dimensién 685 x 172.
La imagen con ruido de la Figura 3(b) representa a la matriz Y construida como Y = X + G, donde G

es una matriz aleatoria generada con una distribuciéon normal. Para eliminar el ruido de la imagen se
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usa un filtro, que corresponde a una matriz F' de dimensién 685 x 685 y dada por F = XY (consultar
[7] para méas detalles), la cual se pre-multiplica a la matriz Y. La imagen 3(c) muestra el resultado
del producto matricial FY = XYY

Imagen original. Imagen con ruido. Imagen procesada.

Figura 3: Ejemplo de aplicacién de la pseudoinversa en procesamiento de imagenes.

4.3. Go decomposition (GoDec)

Dada una matriz A de rango r, en [9] y [17] se prueba cémo la SVD se puede utilizar para determinar
una aproximacién L; de A de rango reducido, esto es, que su rango sea a lo sumo k, donde k < r.
Esta aproximacion se relaciona con la SVD reducida que se mostré en la ecuacién (4.1). En efecto, si
A=UXV* yr(A) =r, de (4.1) se tiene que A = U, X, V.* = oquivf + oqusvs + ... + o,u,v). Luego,
la mejor aproximacién de A de rango a lo sumo k, estd dada por:

Ly, = o1ugv] + o2ugvy + ... + opugvy = UpX Vi, k<r

Asi, (r}r/1)1r<1k [|A— Y”?c,r =[|A- Lk||?r, donde || - ||, denota a la norma de Frobenius®. Este resultado se
r =

conoce como el teorema de Eckart-Young y, ademds, la matriz Ly es nica si y solo si oy > ogy1 [11].
El algoritmo iterativo GoDec, presentado en [30], emplea la SVD para determinar dos matrices L y S
tales que A = S+ L, donde L es de rango reducido y S es una matriz dispersa o rala (la mayor parte
de sus entradas son ceros). Asi, este algoritmo da una buena aproximacién a la solucién del problema:
min A—L—-5S|?
r(L)<k; card(S)<co || ||f7“7
donde card(S) denota la cantidad minima de elementos no nulos en S. Esto es, se busca determinar
una matriz L de rango a lo sumo k, k£ < r, y una matriz dispersa S con cardinalidad a lo sumo cg
(pardmetro de entrada en el algoritmo). Se suele escribir A = L 4+ S + G, donde G es una matriz de
ruido que modela el error de aproximacion. En cada iteracién del Algoritmo 1 se definen matrices L; y
Sy tales que r(Ly) < ky card(S;) < ¢o. Las sucesiones {L;} y {S;} convergen linealmente a un minimo
local del problema de optimizacién [30]. La funcién P., en dicho algoritmo (ver linea 6) recibe una

matriz densa A’ y retorna otra matriz dispersa de cardinalidad a lo sumo ¢y, del mismo tamafno de

5Dada A € Mat(C, m,n), la norma de Frobenius de A se denota || A| ¢, y se define como || 4|z, = />, > (a)?.

Como se puede notar, la norma de Frobenius de una matriz es similar a la norma euclidiana de un vector en R™.
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A’) la cual se construye manteniendo de A’ las ¢g entradas de mayor magnitud (en valor absoluto) y

las dema&s entradas iguales a cero.

Algoritmo 1 GoDec Clasico
Entrada: &, ¢y, Aimxn, €

Salida: L, S.
1: Lo:=A, So:=0,xn, t:=0

2: mientras Verdadero hacer

3: t:=t+1.

4 [U,E,V*] =svd(A — Si-1).

5. Ly = UhSiVy

6: Sy =Peo(A—Ly).

B = A L S /1AL
8 si|E; — Ei_1| < € entonces
9: salir.

10:  fin si

11: fin mientras

Para ilustrar el Algoritmo 1, considere la matriz Asy4, de rango 4, definida por:

junto con los pardametros k = 2, ¢g = 8, ¢ = 0.0001, y las matrices Ly = A y Sg = O05x4. Luego de 8

iteraciones se obtiene:

18.81311  —1.66568  2.11459 11.26995
—15.23693 —2.94393 1.085 —12.65785

Lg = 1.19351 —8.04379  5.30723  —5.81271
20.94854 10.94608  —5.98738  23.07557
22.04528  —11.94952  8.99313 4.98487
y
0 11.66568  5.88541 0
0 9.94393 2.915 0
Ss = | —6.19351 0 11.69277  7.81271 |,
0 0 0 0
0 0 0 —3.98487

A—Ls—Ss||3 5 . .
% ~ 8.9948¢79. La Figura 4 muestra, para este ejemplo, el comporta-
fr

miento del error a lo largo de las 8 iteraciones.

de tal manera que
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0.014
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0.006 |-
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Figura 4: Comportamiento del error al aplicar el Algoritmo GoDec a la matriz A del ejemplo.

Expresar una matriz A como A =~ S+ L, donde L es de rango reducido y S una matriz dispersa, tiene
aplicacién en el procesamiento de imégenes. En concreto, un video V (en el que se muestren objetos
en movimiento) se puede descomponer en dos videos, de manera que uno de ellos muestre inicamente
el fondo del video original (eliminando los objetos en movimiento) y el otro muestre solamente los
objetos en movimiento. Para modelar este problema suponga que V esta compuesto por K frames,
todos del mismo tamano y tal que el fondo sobre el que se mueven los objetos es invariante. Cada
frame se modela por una matriz de tamano m x n, de tal manera que la matriz A sobre la cual itera el
algoritmo GoDec es de tamano mn x K. La i—ésima columna de A corresponde a la matriz asociada
al i—ésimo frame, la cual es reordenada como una matriz columna de tamano mn x 1. Asi, cada
columna de A corresponde a un frame de V. Al aplicar el Algoritmo 1 a A se determinan las matrices
L y S, de manera que para cada frame L almacena la informacién asociada al fondo y S contiene
la informacién relativa a los objetos en movimiento. Por ende, la i—ésima columna de L (reescrita
como matriz) corresponde al fondo del i—ésimo frame (pixeles que se mantienen invariantes), y la
i—ésima columna de S (reescrita como matriz) corresponde a los pixeles de los objetos en movimiento

del i—ésimo frame.

En la Figura 5 se observan parte de los resultados de la aplicacién del algoritmo GoDec a un video de
60 frames (ver [24]), cada uno de tamatio 540 x 960, el cual consta de una plazoleta con personas en
movimiento. En particular, se muestran los resultados asociados a los frames 1, 30 y 60, para visualizar
como el algoritmo extrajo el fondo e identificé en cada frame los objetos en movimiento. Las imdgenes
(b), (e) y (h) muestran algunas personas como parte del fondo, dado que se mantienen estéticas a lo
largo del video, o con movimientos muy leves. En caso que esto tltimo ocurra, los objetos se observan
como ligeras sombras en las imdgenes que modelan el movimiento en cada uno de los frames. En la

Figura 6 se resaltan dos ejemplos concretos en donde este fenémeno sucede.
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frame 1. Fondo del frame 1. Objetos en movimiento en frame 1.
. o
et
e ! o W

. 4

frame 30. Fondo del frame 30. Objetos en movimiento en frame 30.

F*F""w‘,] e
‘;H’ [

frame 60. Fondo del frame 60. Objetos en movimiento en frame 60.

e W NN

w p ™

§ ai‘ :

Figura 5: Procesamiento de un video de 60 frames con el algoritmo GoDec.

Los parametros utilizados para el procesamiento del video fueron%: k =2, ¢ =107 y ¢y = [0.07-m n-
K| = 2177280. Esto es, ¢ se definié como un porcentaje de la cantidad total de pixeles en el video (un
7%, para el ejemplo). Tomando en cuenta que ¢y controla la cardinalidad de S, la matriz que modela
los objetos en movimiento, entonces es razonable definir a ¢y en funcién de la cantidad total de pixeles.
El valor 0.07 se ajusté empiricamente, luego de varias ejecuciones del algoritmo. Si el video procesado
tiene muchos objetos en movimiento (u objetos en movimiento que ocupan mucha érea en cada uno de
los frames), entonces dicha constante de proporcionalidad debe ser mayor. Por su parte, la seleccién de
k = 2 se hizo de esa manera (un valor bajo) porque el fondo de V permanece relativamente invariante
a lo largo de los 60 frames (igual pudo haberse seleccionado k = 1 y los resultados obtenidos son
similares). En caso que el fondo varfe a lo largo del video, entonces el valor de k debe incrementarse
acorde con el nimero de variaciones significativas que se detecten. En resumen, tanto para la seleccién
de ¢y como de k, debe mediar un analisis previo del video y, posteriormente, realizar varias ejecuciones
del algoritmo, que en conjunto permitan ajustar los parametros y asi lograr la separacién requerida

entre el fondo y los objetos en movimiento.

P TR 1

Figura 6: Objetos con poco movimiento en V que quedan como parte del fondo al aplicar GoDec.

6La notacién |-] significa la funcién parte entera. Asi, |x| corresponde al mayor niimero entero menor o igual que .
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4.4. Algoritmo K-SVD

El algoritmo K-SVD, propuesto en [1], utiliza la descomposicién en valores singulares para encontrar
una representacion esparcida de una matriz. Este algoritmo puede ser utilizado para la reconstruccién

de imédgenes con un cierto porcentaje de pixeles perdidos, tal y como se mostrara al final de la seccion.

Formalmente, dada Y € R™*", el algoritmo K-SVD permite aproximar matrices D € R™*t y
X € R, 1 <t < min{m,n}, que minimicen la expresién Y — DX|%,, sujeto a las condicio-
nes Card(z;) < cp, para i = 1,...,n, donde x; € R™ representa la i-ésima columna de X y Card(x;)
representa la cantidad de entradas de x; diferentes de cero. En este caso, la constante ¢y es un niimero
entero positivo que se conoce como constante de esparcidad y corresponde a un parametro de entrada
para el algoritmo. En términos précticos, este problema de optimizacién busca realizar una repre-
sentacion esparcida de los datos de entrada, determinando un cierto niimero de patrones elementales
(denominados dtomos) que combinados entre s{ permitan realizar una reconstruccién. Estos dtomos
corresponden a vectores que son organizados como columnas en la matriz D, a la cual se le denomina
un diccionario. En otras palabras, se entendera como diccionario a la matriz que permite encontrar la

representacién dispersa de un conjunto de datos, mediante una combinacién lineal de sus columnas.

Este algoritmo corresponde a un método iterativo que alterna entre la escasa codificacion de los datos
basada en el diccionario actual D y un proceso de actualizacion de los dtomos del diccionario para que
haya un mejor ajuste. En este caso, la matriz D es el diccionario de la matriz esparcida X, que permite
realizar una aproximacién de la matriz Y. La actualizacién de las columnas de D se combina con una
actualizacion de las representaciones esparcidas de las columnas de X, acelerando asi la convergencia.

Las matrices D y X se obtienen de manera iterativa, mediante el Algoritmo 2.

El Algoritmo 2, en el paso 3, plantea aproximar cada columna de X, sujeto a una condicién de
esparcidad. Este problema de optimizacién ha sido ampliamente estudiado y para su abordaje se
utilizan algoritmos de compressed sensing. En particular para el ejemplo de aplicacién del algoritmo
K-SVD, que se mostrard posteriormente, en el paso 3 se utilizé el algoritmo orthogonal matching
pursuit (OMP), que puede ser consultado en el capitulo 8 de [10]. Por otra parte, en el paso 8 del

Algoritmo 2 tome en cuenta que:
= R; es la matriz definida a partir de R tomando las columnas asociadas a los indices en I. Por
ende, el tamafio de Ry es m x Card([).
» d; es la j—ésima columna de D (de dimensién m x 1).
» z;(I) es el vector construido con las entradas no nulas de x; (usando para ello los indices

almacenados en I). Por lo tanto, los vectores I y x;(I) tienen tamafo 1 x Card([).

Finalmente, en el paso 11 se realiza la actualizacién de las entradas no nulas de la j—ésima columna

de X a partir del vector o?v!. Esto es, de manera ordenada (acorde con los indices en I) se van

actualizando las entradas no nulas de z;, con las entradas de o707 .

Una aplicacion del algoritmo K-SVD consiste en la recuperacién de pixeles perdidos en una imagen.
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Algoritmo 2 Algoritmo K-SVD
Entrada: Y € R™*" D) ¢ R™*t ¢ € {1,2,...,n}, iter € N*,
Salida: D(ter) ¢ Rmxt y xliter) ¢ Rtxn,

1: D=DO,

2: para k =1 : iter hacer

3. Vi=1,...,n determine z; = argmin||y; — Dz||3, tal que Card(x) < c.
T

4:  Defina X = (x1 ... ).

5.  Calcule R=Y — DX.

6: paraj=1:t hacer

7 Calcule I, el vector de indices asociados a las entradas de x; no nulas.

8: Calcule R = Ry + djx;(I).

9: Determine R = USVT (SVD de R).

10: Sustituya d; = w1, donde u; es la primera columna de U.

11: Sustituya «;(I) = o2vl | donde o1 es el primer valor singular de R y v1 es la primera columna

de V.
12:  fin para
13:  Defina D) = (d; ... dy).
14: fin para

Para el ejemplo que se presentard se utilizé una base de 55 imdgenes (cada una de tamafio 112 x 88
y tomadas de [12]), formada por los rostros de 11 personas. Cada imagen se seccioné en bloques de
tamafio 8 x 8 (obteniendo 154 bloques para cada imagen y 8470 bloques en total) y cada bloque se
organizé como un vector columna de tamano 64 x 1. Si se denota con yi,ys, ..., Ysa7o tales vectores
columna, entonces se puede definir la matriz Y = [y1,y2, ..., Ysaro] de tamaiio m x n = 64 x 8470. La

Figura 7 muestra el proceso descrito para definir a la matriz Y.

Al aplicar el algoritmo K-SVD a la matriz Y con los pardmetros ¢y = 10, iter = 40, t = 150 y D(®) una
matriz generada aleatoriamente usando una distribucién normal, se obtuvieron matrices D0 y X40
tales que Y ~ D0 X(0) La matriz D™ corresponde al diccionario generado con el Algoritmo 2,
que permite reconstruir una imagen con pixeles perdidos, que puede haber sido generada con alguna
de las 55 imagenes originales o a partir de otra imagen con caracteristicas similares. En nuestro caso
se utiliz6 una imagen (ver Figura 8) que estd en la base de datos, pero diferente a las 55 imdgenes

usadas para construir la matriz Y.

Para reconstruir la imagen con pixeles perdidos, que también es de tamano 112 x 88, se divide la
imagen en 154 bloques de tamano 8 x 8 y se realiza la reconstruccién por bloques. Cada bloque se
transforma en un vector z; de tamatnio 64 x 1 y para cada j = 1,2,...,154 se realizan los siguientes

pasos:

= El vector z; puede tener algunas entradas iguales a 0, las cuales representan los pixeles perdidos.

Utilizando esta informacién se define la matriz diezmada asociada a zj, denotada D, de la
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Im‘ag.en Sub-bloques Vectorizar
Original cada sub-bloque

H | | Construir matriz
| Y con los vectores
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: —= |l

T
—~ [llill-

Figura 7: Representaciéon matricial de las imagenes.

siguiente manera:

i

, DU (i,:) sizi(i) #0

DZ]'(Z7:): ( ) ] J()
0 sizj(i) =0
donde D, (i,:) y D9 (4, 1) representan la fila i de las matrices D, y DM respectivamente, y
0 es el vector fila nulo. Esto es, la fila i de D, se toma igual a la fila ¢ de D™ en caso que la
i—ésima entrada del vector z; no sea cero. Caso contrario, a la fila 7 de D, se le asigna todas

sus entradas iguales a cero.

Utilizando un algoritmo de compressed sensing se determina x,, tal que
. 2
T, = argmin||z; — D, x|3,
x

sujeto a Card(z.,) < co. En este caso nuevamente se utilizé el algoritmo OMP (orthogonal

matching pursuit).

Finalmente, para reconstruir el j—ésimo bloque se realiza la multiplicacién D40 T, El resulta-
do de este producto se convierte en un bloque de tamano 8 x 8, y corresponde a la reconstruccién

del j—ésimo bloque de la fotografia.

La Figura 8 muestra los resultados obtenidos en la reconstruccion de la fotografia seleccionada.
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75% de pixeles Reconstruccion con
perdidos el algoritmo K-SVD

Figura 8: Reconstruccién de una imagen con 75 % de pixeles perdidos mediante el algoritmo K-SVD.

4.5. Reconocimiento facial

La 1ltima aplicacién que se mostrard en el articulo se basa en [29], la cual utiliza la descomposicién en
valores singulares para realizar un reconocimiento facial en una base de imagenes. Para ello suponga
que se tienen N imdgenes de rostros, cada una de tamafio m X n pixeles. Sea S = (f1 fo ... fn) la
matriz de tamano mn x N, donde f; representa la i—ésima imagen redimensionada como columna
de tamafio mn x 1. Por su parte, el rostro promedio, f, se define como f = % Zfil fi, que para
efectos de la matriz S representa una columna promedio. A partir de S y f, se define la matriz
A= (ajay ... ay), donde a; = f; — f, para todoi=1,..., N.

Si 7 =1(A), entonces la SVD de la matriz A, dada por A = UXVT, genera matrices unitarias U y V
de la forma U = (ug ug ... Up Upp1 -+ Umn) ¥ V = (01 V2 ... Up Upg1 ... UN). Se sabe que las
columnas de U, = (uj u2 ... u,) forman una base ortonormal del espacio generado por las columnas
de A. En este caso a cada vector u;, con ¢ < r, se le denomina rostro-base del espacio de rostros
formado por el conjunto inicial de iméagenes de entrenamiento. Dado un nuevo rostro f, de tamano
m X n, también redimensionado como vector columna de tamano mn x 1, es posible determinar las

coordenadas para f— f asociadas a la base generada por las columnas de U,.. Esto es, se busca el vector

de coordenadas w = (w1, ws, . ..,w,)T, conw; € R paratodo i, tal que f—f = wyus +watia+- - -+w, .
En efecto,
f—F=wiuy + woug + -+ - + wyu,
— f—f=(uus ... u)- (wl,wg,...,wr)T
< (Ul U ... ur)T(f—?):(wl,wg,...,wT)T
Por ende, basta tomar w = (uy up ... u,)7 ( - ?) Similarmente, para cada una de los rostros de

entrenamiento, f;, se tiene que sus coordenadas en el espacio de rostros estan dadas por los vectores
x; = (up ug ... up)T-(fi—f), parai = 1,...,r. Por lo tanto, para determinar si f corresponde a alguna
de las imdgenes del conjunto de rostros de entrenamiento (o alguna variante de alguno de ellas), se

procede a comparar el vector w con los vectores de coordenadas z;. Si ; = argmin|jw —x;||2, entonces
1<ilr
el rostro f serd identificado como el rostro f; si ||[w—x;||2 < €¢, donde g¢ es una tolerancia previamente

definida. En caso contrario, f debe ser reportado como un rostro desconocido. El Algoritmo 3 muestra
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los pasos a seguir para la implementacién.

Algoritmo 3 Reconocimiento facial

Entrada: {f17 f2a ey fN}’ fa €0-
Salida: El rostro identificado o un mensaje indicando que el rostro es desconocido.

1:

10:
11:
12:

13

Construya S = (f1 fo ... fn)-

Calcule f = % Zfil fi.

Construya A = (aj ay ... ay), donde a; = fi — f.
Calcule A = UXVT.

Defina U, = (u3 ug ... u,), donde r = r(A).
Parai=1,...,N calcule z; = (uy up ... u.)" - (fi — f)
Calcule w = (uy uz ... u)T - (f = f)

Calcule e = min ||w — x4, = ||lw — ;| ,, para algin j € {1,2,...
1<i<r

si € < gy entonces

retornar El rostro corresponde a la imagen f;.
si no

retornar El rostro es desconocido.

fin si

N}

Para fines ilustrativos, el Algoritmo 3 se aplicé a un conjunto de 500 imégenes de rostros extraidas de
[12], las cuales fueron reescalas para que quedaran del mismo tamafno (156 x 111). Adicionalmente,
dichas imdgenes fueron convertidas a escala de gris. La base de datos en [12] incluye, para cada
persona, 15 imagenes diferentes, con variantes en la posicién y la expresién facial. La matriz S fue
construida utilizando las primeras 10 iméagenes de las 50 personas que se muestran en la Figura 9. Las

cinco imagenes restantes de cada persona se utilizaron para realizar el experimento de reconocimiento

facial.

Figura 9: Imégenes de rostros utilizadas en el experimento.
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La Figura 10 muestra dos ejemplos particulares de los resultados obtenidos al aplicar el Algoritmo 3.
En cada ejemplo, en la parte superior se muestran cinco imagenes que no fueron incluidas en la matriz
S. Por su parte, en la parte inferior se muestran las imagenes con las que el Algoritmo 3 realizé la

identificacion. Las flechas utilizadas indican a cudl imagen detecté el algoritmo, para cada caso.

Figura 10: Resultados obtenidos al aplicar el algortimo de reconocimiento facial.

5. CONCLUSIONES

Este articulo presenté una revisién completa y auténoma de la descomposicion en valores singulares
de una matriz. En primera instancia se desarrollé con detalle los aspectos tedricos que permitieron
justificar la existencia de la SVD y, posteriormente, se encausé al lector hacia aplicaciones concretas de
la descomposicién. En particular, la seccién 3.1 mostré como la SVD logra condensar la informacién
de una matriz en los subespacios asociados a los valores singulares de mayor magnitud, dando esto
sentido a la aplicacién de la compresién de imdgenes (seccién 4.1). Ademds, se presentaron otras
aplicaciones de la SVD en el area del procesamiento de imagenes, abarcando los temas de modelado
de fondo de imégenes para la deteccién de movimiento en videos (seccién 4.3), eliminacién de ruido

de una imagen (secciones 4.2 y 4.4) y reconocimiento facial (seccién 4.5).

Por la forma en que estd estructurado, el articulo permite a un lector con conocimiento bésico en
Algebra Lineal una mejor comprensién de este tipo de factorizacién. Por ello, puede ser considerado
de interés como lectura complementaria en cualquier curso de Algebra Lineal en el que se desee mostrar

aplicaciones de esta area de la Matematica.
Reconocimientos:

Este articulo se realizé como parte del proyecto FroSigPro (cédigo #1440037, periodo 2019-2020)

inscrito en la Vicerrectoria de Investigacion del Instituto Tecnolégico de Costa Rica.
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1. Introduction
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generalized inverse (Moore-Penrose inverse, Drazin inverse, etc.) of a complex matrix A. In this manuscript, we focus on
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inverse of complex rectangular matrices. The designed family depends on several real parameters, which by taking particular
values provide us numerous known methods constructed by other authors.
Recently, some authors have presented a unified approach of the computation of different generalized inverses by means

of the calculation of outer inverses A;ZS) for appropriate choice of T and S (see, for example, [9,10]).

Perhaps, the most common scheme to compute the inverse A~! of a non-singular complex matrix A is the Schulz’s
method given in 1933, with iterative expression

X1 =X (21 - AX,), k=0,1,... (1)

where [ is the identity matrix with the same size of A. Schulz in [11] demonstrated the convergence of sequence {Xi}y-o.
obtained from (1), to the inverse A~! is guaranteed if the eigenvalues of matrix I — AX, are lower than 1. Taking into account
that the residuals E, = —AX,, k=0,1,... satisfy ||E..1|l < ||E||>, expression (1) has quadratic convergence. In general, in
the Schulz-type methods it is common to use as initial approach Xy = ¢A* or X = @A, where 0 < o < 2/p(A*A), where A* is
the conjugate transpose of A and p(-) the spectral radius. In this paper, we use n the case of inverses and also in generalized
inverses, the initial estimation Xy = BA*/||A||2. We will also analyze the set of values of the parameter 8 guaranteing the
convergence.
Li et al. in [12] investigated the family of iterative methods

Xoss = Xk<v1 _ ”(”2_ Doax, + 0= 13)1(” =2 (AX)? — .+ (~1)] (Axk)vl), V=23 ...

with Xy = aA*. They proved the convergence of v-order of {X}.o to the inverse of matrix A. This class was used by Chen
et al. in [13] and by Li et al. in [14] for approximating the Moore-Penrose inverse.

Soleymani et al. in [15] also proposed a fourth-order iterative scheme for calculating the inverse and the Moore-Penrose
inverse, with iterative expression

X1 = %Xk(9l—AXk(16I—AXk(14I—AXk(61—AXk)))), k=0,1,...

On the other hand, Stanimirovic et al. in [16] proposed the following scheme of order eleven for computing the general-
ized outer inverse A;zs)

Xipr = Xe(I+ R+ RO U+ (RE +ROU+RY)), k=0,1,...

being R, =1—-AX,, k=0,1, ...
Kaur et al. in [17], by using also the hyperpower iterative method, designed the following scheme of order five for
obtaining the weighted Moore-Penrose inverse

Xis1 = X (51 — 10AX, + 10(AX,)? — 5(AXy)® + (AXp)?), k=0.1,...

These papers are some of the manuscripts that have been published to approximate the inverse of a non-singular matrix
or some of the generalized inverses of arbitrary matrices. In this paper, we design a parametric family of iterative methods
with arbitrary order of convergence that contains many of the methods constructed up to date. For each fixed value of the
order of convergence, we still have a class of iterative methods depending on several parameters. We are able to select the
most stable members of these classes in terms of the wideness of the set of initial estimations converging to the solution
(defined as basin of convergence). The best members are chosen to be compared, both dynamical and numerically, with
some known methods.

The rest of this manuscript is organized as follows. Section 2 is devoted to the construction of the proposed class of iter-
ative schemes, proving its convergence to the inverse of a nonsingular complex matrix, with arbitrary order of convergence.
In Section 3, it is proven that the same family of iterative methods is able to converge to the Moore-Penrose inverse of a
complex matrix of size m x n. Some particular cases of this class are found in Section 4, corresponding to existing methods
proposed by different authors. Section 5 is devoted to study the dependence on the initial estimations of the methods of the
same class, with a fixed value of p, and also the effect of the kind of initial estimation in the wideness of the set of converg-
ing initial estimations. A wide range of numerical test are also found in Section 6, checking the robustness and applicability
of the proposed methods, compared with other known ones on different kinds of matrices. Finally, some conclusions are
stated.

2. A class of iterative schemes for matrix inversion

In this section, we are going to present a parametric family of iterative schemes for obtaining approximated inverses and
to prove their order of convergence. Firstly, we define the following polynomial matrix.
Definition 1. Let B ¢ C™™ be a complex square matrix and p > 0 a positive integer number. We define the polynomial

matrix Gp(B) as

p L
Gp(B) =) (-1)/T'GB =C)I - CGB+CGB* + ...+ (-1)P"'ChBP,
j=1
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, . I
where () is the combinatorial number C) = (1]7) = ﬁ

The following result is a technical lemma whose proof is straightforward by using mathematical induction with respect
to p.
Lemma 1. Let p > 0 be a positive integer and B € C™™. Then (I — B)? =1— BG,(B).

Let A e C™™ be a nonsingular matrix and p > 1 a positive integer. Let {&1, o3, ..., ap} be a set of real parameters such

P
that @; € [0,1], fori=1,2,...,p—1,ap €10, 1] and Za,- =1.
i=1
We assume a sequence of complex matrices {Xp, X1, ..., Xn, ...}, of size m x m, satisfying following two conditions:

@ I=AXll =y <1,
p .
(b) I—AXyy 1 =Y o(I = AXp)'.
i

We consider the family of iterative schemes described as

P
Xe1 =X Y iGi(AX), k=0.1,... (2)
i=1
For each positive integer p, p > 1, we have a different class of iterative methods, whose order of convergence depends on
the value of parameters «;, i=1,2,...,p.
In the following results, we prove the convergence of these schemes to the inverse of A.

Proposition 1. Let A ¢ C™™ be a nonsingular matrix and p > 1 a positive integer. Let us consider the sequence of complex
matrices constructed as

p
Xk+1 =X ZOliGi(AXk), k=0,1,...,
i=1

P
where o; € [0,1], fori=1,2,...,p—1, ap €]0,1] and Zo:,- = 1. Then, condition
i=1

p
I_AXk+1 = Zai(l —AXk)l,
i=1
is equivalent to
p i o A
Xesr =X y_ai| Y (=171 (AX ) ). (3)
i=1 j=1
Proof. From Lemma 1 we obtain:

p 14
[—AXpq =) oI = AX)' & 1= AXipq = ) ai(1 — A%, Gi(AXp))
i1 i1

p
& 1= AXier =1 aiAX,Gi(AXy)
i1

P
& A1 = AXn ) 0iGi(AXy)

i=1
P
& Xir1 =X Y 2iGi(AXy)
i=1
Therefore, the result is proven. O
By mathematical induction it is also easy to prove the following result.
Proposition 2. Let us consider sequence {X;};-o obtained from expression (2). If ||| — AX|| < 1, then
II-AX|| <1, k=1,2,...

Therefore, the main result regarding matrix inversion can be stated.

3
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Theorem 1. Let A € C™™ be a nonsingular matrix and an initial guess Xo € C™™. Let «q, ..., ap be nonnegative real numbers

p
such that o; € [0,1], ap #0 and Zai =1 If I -AXp|l <1, then sequence {Xy};o. obtained by (2), converges to A~ with
i=1
convergence order q for any p > 1, where q = {nzin {i| o #0}.
i=1,2,....p

Proof. By using previous condition (b), we have

P p p
1= AXiir [l = || D= AX)'| <Y ol = AX |l =D ol — AX I,

i=1 i1 i=q

but, from Proposition 2 we can assure

p
= AXia |l < Y aulll = AXi |7 = [I1 = AX; |19,
i=q
Thus,
1= AXe | = 11— AX |9 (4)
By using Equation (4) and mathematical induction, we prove
1 = AXies1 || < (11— AXo[|®".
Therefore, as k — oo:
I — AXjeyq |- 0=1 —AXjy1 —> 0= {Xn}kzo - A_lv
with order q. O

In the next section, we extend family (2) for approximating the Moore-Penrose inverse of any complex rectangular ma-
trix.

3. A class of iterative schemes for computing Moore-Penrose inverse
Let A be a m x n complex matrix. The Moore-Penrose inverse of A (also called pseudoinverse), denoted by Af, is the
unique n x m matrix X satisfying
AXA=A, XAX =X, (AX)*=AX, (XA)*=XA.

This generalized inverse plays an important role in several fields, such as eigenvalue problems and the linear least square
problems [18]. It can be obtained, explicitly, from the singular value decomposition of A but, with a high computational
cost. Therefore, it is interesting to have efficient iterative methods to approximate this matrix. In this section, we prove
how family (2) allows us to compute the pseudoinverse with the same order of convergence that in the previous section,
where the inverse of a square matrix was calculated. First, we establish the following technical result, that is proven by
mathematical induction (similar to Lemma 2.1 of [13]), although other authors state similar results in the context of outer
inverses (see, for example, [9]).

Lemma 2. Let us consider Xy = aA*, where a € R, and sequence {X;}.o generated by family (2). For any k > 0, it is held that
XA =XA, (AX)" =AXy, XAAT =X, ATAX, = Xi. (5)

Proof. For n = 0, the first two equations can readily be verified, and we only give a verification to the last two equations:
XoAAT = aA*AAT = aA* (AAT)* = aA* (AT)*A* = a (AATA)* = aA* = X,

and
ATAX) = (ATA)* (aA*) = aA*(AD)*A* = a (AATA)* = aA* = X,.

Let us assume now that the conclusion holds for k. We now show that it continues to be held for k + 1. Using the
iterative procedure in Equation (2), we have

p i *
KiraA)™ = XnZa"<Z(1)“c{(Axk>“ A>

i=1 j=1

p i *
(Z o <Z(—1)f-1qf (xkA>f>>
i=1 j=1
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p i
=0 (Z(—l)flc,f <xkA>f>
i=1

j=1

p i
- {xkzaf (Z(—l)f-lc,-f <Axk>f-1>]A = XA,

i=1 j=1
where the fourth equality uses that (X;A)* = X, ,A. Thus, the first equality of (5) holds for k + 1. Second equality can be

proven in a similar way.
For the third equality of (5), we use the assumption that X,AAT = X, and the iterative procedure in (2):

i

p
X AT = [Xn Do (Z(—l)f-‘qf (Axk)f-l)}w
i=1

j=1

p i
=Y o (Z(—U“qf XA) X, AAT )
i=1

j=1

p i ) )
= X0 y_ai| Y (=171 (AX) T ) = Xisr
i1 \j=1

O

Hence the third equality of (5) holds for k + 1. The fourth equality can similarly be proven, and the desired result follows.
Now, some technical results are presented.

Lemma 3 ([13]). Let A € C™*". Let Xy = wA* be, where o < lz and o is the largest singular value of A. Then || (X — ADA| < 1.
o
1

The following result is straightforward by using Lemma 2.

Lemma 4. Let A € C™" and {X;}=o be the sequence generated by (2). Let us consider E, = X, — AT, Then,

11Xk — ATl < |EATL AT,
2. I-ATAEA=0.
Lemma 5. Let A € C™" and {X,}o be the sequence generated by (2). We denote Ej, = X, — AT, Then

p
EcqA=Y ai(-1)" N (EA), k=0.1,...
i=1
p

Proof. By using the fact that Za,- =1, we have
i=1

i=1

p
ExiA = {xk ZaiGi(AXk)]A — ATA

p i
- {x,{ Yo <Z(—1)1‘1C{(Axk)f‘1)}A —ATA

i=1 j=1

Il
M=

1

o (i(—l)j1c,-j(xl<A)j> —ATA

j=1

Il
M=

o (—1 + Z(—l)“c{(xkf\)f) +1—ATA

1 j=1

p .
=Y il - XA) +1-ATA,
i1
Now, taking into account that X;A = ATA+ E,A, (I — ATA)? =1 — ATA and (I — ATA)E,A = 0 (from Lemma 4), we get

p 14 .
=Y oI - XA) +1-ATA = =Y ai(I-ATA _EkA)’ +1-ATA

i=1 i=1
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p
(Z o[ (1= ATA) — C] (1 - ATA)'ELA + G2 (1 - ATA) 2 (E,A)? +

i=1

+(=1)TICTU - ATA) (B AT + (=1)'C(EA)']) +1- ATA

=

(Z o[ (1 - ATA) — C (I — ATA)E,A + C2 (I — ATA) (E,A)? +
i=1

H(=DEIENA = ATA)Y EA)T + (—1)'CEA)]) +1- ATA

=

- (Z o (1 - ATA) + (—1)"c;'(EkA)"]> +1-ATA

i=1

P
> ai(-D)THEA)

i=1

O

Finally, we can state the following result.

Theorem 2. Let Ac C™" and q = rr121n {i | o # O}. Then, sequence {Xy}-o generated by (2) converges to the Moore-Penrose
1=

inverse AT with qth-order provided that X, = atA*, where o <

— is a constant and o is the largest singular value of A.
o
i

Proof. Therefore,

X1 — ATl < [IEA]]IAT]. (7)
Now, from (7) and by applying mathematical induction, we prove

X1 — ATl < [[EoA[I" |AT]|.
Therefore, as n — oo:

X1 — ATl = 0= X1 — AT > 0= {Xihieo — AT,

k+1

with order q. O

4. Proposed family and previous known methods

The proposed class of iterative schemes in (2) is a generalization of other methods constructed with different techniques.

Some of them are described below.

1

10.

11.

12.

For any p>1, if ¢y =---=ap_1 =0 and ap =1, then we obtain the method proposed by Li and Li. (see Eq. (2.3) in
[12] for inverse case and Eq. (2.1) in [13] for pseudoinverse one). Recall that method proposed by Li and Li generalizes
the Newton-Schultz (p = 2) and Chebyshev method (p = 3).

. On the other hand, if ¢;j =0 fori=1,2,...,8, ag = 1o = 1/8 and a9 = ®q; = 3/8, then we get the method proposed

by Soleymani and Stanimirovic (see Eq. (12) in [19]).

. Also expression (2) gives us the method proposed by Toutounian and Soleymani (see Eq. (18) in [15]), if a4 = 1/2 and

a5:l/2 and o] =03 :Ol3:0.

. When the only not null parameter is o7 = 1, then we obtain method proposed by Soleymani (see Eq. (18) in [20]).
. In a similar way, if the only parameter different from zero is og = 1, then the method proposed by Soleymani, Stan-

imirovic and Zaka (see Eq. (2.4) in [21]) is obtained.

. When o; =0 for i=1,2,...7, ag =9 = 1/4 and g = 2/4, the resulting scheme is that proposed by Soleymani in

Eq. (9) in [22].

. The method proposed by Soleymani et al in [23], Eq. (10), appears if ¢y =--- =ag =0, oig = 7/9 and 19 = 2/9.
. The scheme proposed by Razavi, Kerayechian, Gachpazan and Shateyi, (see Eq. (16) in [24]) is obtained if we choose

oa1=...=0g=0, ¢ig=0a1=1/4 and o =1/2 in Eq. (2).

. When the first eight paramenters are null, og = 343/729, o9 = 294/729, 17 = 84/729 and «qy = 8/729 then we get

method proposed by Al-Fhaid et al in [25], Eq. (5).

If 7 =9/16, ag = 6/16, g = 1/16 and the rest of parameters are zero, then the scheme proposed by Soleymani is found
(see Eq. (3.1) in [26]).

When p = 12 and the only parameters different from zero are g = 1 = 1/8 and «g = 19 = 3/8, therefore the method
proposed by Liu and Cai. see Eq. (4) in [27]) is obtained.

Ifa, =0, 1 =1 -« and a3 = o, where « € (0, 1], then we find the method proposed by Srivastava and Gupta in [28]),
Eq. (6).
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5. Dependence on initial estimations

A key aspect of an iterative method is its order of convergence and also the set of initial guesses that converge to the
estimated solution. When a class of iterative schemes is defined, all with the same order of convergence, a good behavior
in terms of wider basins of convergence can make the difference. In this section, we use some graphical tools from complex
discrete dynamics in order to deduce which scheme should be used within a class of iterative procedures with the same
order of convergence.

Several known methods are used to this purpose, that are included in our proposed class: some of them are the extension
for matrix equations of classical methods; the rest have been developed by other researchers in the last years and have been
deduced as elements of our proposed class in Section 4.

So, the methods used are second-order Newton-Schulz (NS) scheme, with iterative expression (see [11])

X1 = 2X, — X AXy, k>0,
Chebyshev’s scheme (CH), with third-order of convergence, deduced by Amat et al. in [29],
Xip1 = X B — AX, (31 — AX})), k> 0.
On the other hand, seventh-order scheme (SS) defined by Soleymani and Stanimirovich in [19] is also considered,
Xpp1 = —1/8X (=71 + 9Y, — 5Y2 + Y2) (121 — 42Y, + 103Y? — 156Y + 157Y; — 104Y +43Y¢ — 10Y] +Y§), k>0,

where Y, = AX.
It is also interesting to compare the results with the fourth-order procedure by Toutonian and Soleymani (TS) [15], whose
iterative expression is

Xier1 = (1/2)X (91 = Y, (161 — Y, (141 — Y, (6] - Yi)))). k =0,

where Y}, = AX,. Also, third-order Homeier's method (HM) is expressed by Li et al. as (see [30])
X1 =X I+ (1/2) (I = AX) (I + (21 - AX,)?)). k=0,

and also Midpoint scheme (MP) has third-order of convergence and the iterative expression (see [30]) provided by Li et al,
Xir1 = (I + 1740 = XA (3 — X, A)?) Xy, k= 0.

Let us remark that the last two methods do not belong to the family of proposed methods.

To observe which is the performance of proposed and existing methods by using different initial estimations, we use the
dynamical planes. A dynamical plane is obtained by iterating a method on a wide set of initial estimations. To generate it,
we used a mesh of 400 x 400 points as values of parameter 8 € C, used to define the initial estimation of the process X;.
We paint in orange the values of 8 whose related starting points converge to the inverse (or pseudoinverse) of matrix A,
with a tolerance of 10-3. Those points whose orbit (set of consecutive iterates) achieve the maximum of 80 iterations are
painted in black.

Firstly, let us find an estimation of the inverse of Toeplitz matrix

1 1 1
A= -1 1 1].
0o -1 1

We firstly employ the initial estimation Xy = BI, being I the identity matrix of the size of the matrix to be inverted.
In order to satisfy condition ||AXy —1I|| <1, it is necessary that | — 1| < 1. In Fig. 1, it can be observed that the set of
converging initial values is narrow. However, it is wider in HM and MP cases than in NS or CH ones. In this case, we have
worked with a the mesh in [0, 1] x [-0.5, 0.5] corresponding to real and imaginary part of a complex value of 8.

Al

A 112"
than in previous case (see Fig. 2). Nevertheless, the widest ones correspond again to HM and MP methods. This is the reason
why we have constructed the mesh in [-1, 4] x [-2.5, 2.5].

Let us observe the case p = 2 in expression (2), where, fixing oy = 1 — 1, a class of first-order (at least) iterative schemes
including Newton-Schulz’s method (for oy = 0) is obtained,

Xier1 =X (o1 + (1 — 1) (21 - AX))).

In Fig. 3, it can be observed that the basin of convergence (set of values of B that, taken as initial estimation, allows the
process to converge) is wider for higher values of |8|. However, the color of these basins are brighter for lower values of
|B|; the reason is that the order of convergence is only linear as oy # 0 and it is slower for higher values of .

Let us consider now a class of methods defined by the general expression of the family (2) with p=3, a; =0 and
oy +as =1,

Xie1 = Xi (02 21 = AXy) + (1 — ) 31 = 3(AX,)) + (AX,)?).

Now, let us change the initial estimation. If we consider Xy = 8 then the set of converging initial values is wider

7
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Fig. 1. Dynamical planes corresponding to X, = SI of different methods on Toeplitz matrix A;.

The members of this class have, at least, second order of convergence if oy # 0 and third-order (the corresponding it-
T

A N .
—1_in Fig. 4, we notice that also
lA1112

the wideness of the basin of attraction of the inverse matrix is bigger for higher absolute values of § but this amplitude is
lower than in the case of the members of the family for p = 2, for the same value of g. That is, the order is higher but the
set of converging values of § is lower.

Now, let us to compare the performance of the methods with other kind of matrices by using command
gallery('leslie',3) in Matlab, a 3 x 3 matrix appearing in population models,

erative scheme is Chebyshev’s one) if oy = 0. As the initial estimation taken is Xy = 8

1 1 1
A,=(1 0 O
0 1 0
T
By using this matrix and X, = ﬁﬁ, the set of converging initial values is painted in orange color for Newton-Schulz’s
2

method and also several second-order schemes of family corresponding to p = 3 and & = 0. Specifically, for o, = 0.3, oty =
0.5 o =0.7 and o = 0.8 and a3 =1 — . In Fig. 5 it is observed that the basin of attraction increases its wideness as
well as parameter grows, being o, < 0.7. Moreover, the set of converging values of § is connected meanwhile o, < 0.7 and
disconnected in other cases.

If the matrix is ill-conditioned, the role of the convergence and dependence on initial estimations is even more important.
In Fig. 6, the inverse of a Hilbert matrix of size 3 x 3,

1 12 13
As=(1/2 13 1/4),
13 1/4 1/5
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Fig. 2. Dynamical planes corresponding to Xy = ,BW on Toeplitz matrix A;.
1

T
3
, As]12" . ,
This means that the convergence is slower, due to stability problems. However, each scheme has the same wideness and
shape than in previous cases, were the conditioning of the involved matrices were good.
Now, pseudoinverse calculation is made for the low-rank matrix

is estimated with Xy = 8 Let us notice that the color of the basins of convergence is darker than in previous cases.

1 2 3 4
Ay=[0 1 0 1
2 4 6 8

In Fig. 7, it can be observed that the performance of the iterative schemes for estimating the pseudoinverse matrix is the
same as in previous non-singular square matrices, showing the best behavior the method «; = 0.7, in terms of the size of
the set of converging initial estimations. In case of first-order class of iterative methods, it has been also observed that the
performance of the procedures (as far as it depends on the initial estimation) is the same as in the inverse calculations.

6. Numerical performance

In this section, we check the performance of the proposed schemes, in comparison with other known ones, on small and
large-scale matrices. These came from academical problems and also from applied signal processing problems. Among the
academical problems, we use the Hilbert matrix as example of ill-conditioned matrix. These numerical tests have been made
with Matlab R2018b, by using double precision arithmetics. The convergence is checked by means of the stopping criteri;lm

A
A2
being A the matrix whose inverse we are estimating, as we have seen in the previous section that this estimation, with
values of S close to 0.7, gives the best results.

In Tables 1, 2, 3, elements oy =0, a7 = 0.6 and «; = 0.8 for the class p =2 (all of them with o, =1 — «;) are com-
pared with the members of class p = 3 corresponding to oy = 0 and @, =0, @, = 0.6 and &, = 0.8, where a3 = 1 — a,. The

of the residual, ||AX, —I|| < 10~ and a maximum of 200 iterations. In all cases, the initial estimation taken is Xo = 8



A. Cordero, P. Soto-Quiros and J.R. Torregrosa Applied Mathematics and Computation 409 (2021) 126381

Im(8)
Im(8)
Im(3)

N
o
N
IN
=)
3
5
N
o
N
~
o
3

10

Im(s)

2 0 2 4 6 8 10 2 0 2 4 6 8 10 2 0 2 4 6 8 10
Re(f) Re(f) Re(f)
(d) a1 =0.6 () a1 =0.7 (f) a1 =08

T
Fig. 3. Dynamical planes corresponding to first-order class with o; € [0, 1[ and Xp = ﬁW on matrix A;.
1
Table 1
Numerical results for Toeplitz matrix A;.
p=2 p=3,a1=0
A a1 =0 a1 =0.6 a; =0.8 a, =0 a, =0.6 ay =0.8
it res it res it res it res it res it res
1 5 23e-10 28 93e-7 63 93e-7 3 7.5e-9 4 1.2e-7 5 2.5e-12
15 5 23e-10 26 6.8e-7 58 86e-7 3 7.5e-9 4 3.7e-10 4 2.2e-7
2 nc - 25 6.9e-7 58 9.9e-7 nc - 4 1.2e-7 6 1.5e-9
2.5 nc - 24 8.1e-7 59 8.8e-7 nc - 3 2.1e-8 nc -
3 nc - 28 9.4e-7 59 9.1e-7 nc - 5 4.8e-8 nc -
3.5 nc - nc - 59 8.8e-7 nc - nc - nc -
4 nc - nc - 58 9.9e-7 nc - nc - nc -
4.5 nc - nc - 59 8.5e-7 nc - nc - nc -
5 nc - nc - 59 8.8e-7 nc - nc - nc -
55 nc - nc - nc - nc - nc - nc -
6 nc - nc - nc - nc - nc - nc -

comparison is made through the number of iterations needed to converge (it) and the residual ||AX, —I||, denoted by (res).
If the method does not converge (typically giving “NaN”), it is denoted by “nc” in the column of iterations; if the scheme
simplify needs more than 200 iterations to converge, it is denoted by > 200.

Table 1 shows the results obtained for matrix A; introduced in the previous section. In Table 2 the numerical results
correspond to a Leslie matrix of size 100 x 100, and in Table 3 the results generated by a Hilbert matrix of size 5 x 5 are
shown.

From the results appearing in Table 1, it can be deduced that, among second-order schemes, the best convergence results
are those corresponding to the method of class p = 2 with oy =0 and o, = 0.8. It converges for a much wider set of initial
estimations, although the number of iterations needed is high. In terms of the number of iterations needed to converge,

10
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Fig. 4. Dynamical planes corresponding to second-order class (p = 3) with oy =0, oz € [0, 1] and Xy = ﬂﬁ on matrix A;.
1
Table 2
Numerical results for a Leslie matrix of size 100 x 100.
p=2 p=3,a,=0
B a; =0 o =06 o =08 a, =0 oy =06 a; =0.8
it res it res it res it res it res it res
18 6.9e-12 55 85e-7 113 9.2e-7 11 2.9e-8 14  6.4e-7 16  2.4e-10
1.5 17 4.2e-9 54 7.7e-7 111 8.8e-7 11 4.8e-12 14 2.4e-9 15 1.4e-7
2 53  3.7e-11 53  83e-7 107 9.6e-7 33  8.0e-11 14 1.3e-11 15 1.4e-9
2.5 nc - 52 9.8e-7 108 9.2e-7 nc - 13 3.9e-7 nc -
3 nc - 52 7.5e-7 107 9.2e-7 nc - 13 3.7e-8 nc -
3.5 nc - nc - 106 9.5e-7 nc - 26 1.1e-12 nc -
4 nc - nc - 106 8.1e-7 nc - nc - nc -
4.5 nc - nc - 105 8.7e-7 nc - nc - nc -
5 nc - nc - 104 9.6e-7 nc - nc - 14 1.2e-12
5.5 nc - nc - 104 8.5e-7 nc - nc - nc -
6 nc - nc - > 200 - nc - nc - nc -

the best results are those provided by the element of family p =3 with a; =0, @y, =0.6 (and o3 =1 — «3); the process
converges in a very reduced number of iterations, with lower residual error than classical Newton-Schulz method. Regarding
the results obtained by using classical Chebyshev’s scheme, we remark that it does not improve the data from the best of
proposed schemes, in sipe of having third-order of convergence.

In Table 2, we notice that for large-scale (100 x 100) Leslie matrix, the numerical results obtained by p=2, a; =0
and o, = 0.6 show convergence to the inverse matrix even when parameter 8 of the initial estimation is not close to zero.
However, in these cases the number of iterations is very high. Regarding the lowest number of iterations needed to converge,
the best method corresponds to p =3, @y =0 and o, = 0.6 as it holds low number of iterations and high value of S.

1
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Fig. 5. Dynamical planes corresponding to some second-order methods with X, = ﬂﬁ on Leslie matrix A;.
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Table 3
Numerical results for a Hilbert matrix of size 5 x 5.
p=2 p=3,0,=0
p o; =0 o =02 o =04 oy =0 o, =0.6 o =0.8
it res it res it res it res it res it res
1 42 39e-9 54 57e-7 72 43e-7 27 23e-11 34  9.5e-11 37  1.07e-7
1.5 41 49e-7 53 93e-7 71 4.8e-7 26 5.1e-8 33 1.5e-7 37  9.8e-11
2 56 57e-8 53 42e-7 70 69e-7 nc - 33 23e9 36  3.9e-7
2.5 nc - nc - 70 4.5e-7 nc - 33 4.8e-11 nc -
3 nc - nc - nc - nc - 33 1.3e-11 nc -
35 nc - nc - nc - nc - 32 2.1e-8 nc -
4 nc - nc - nc - nc - nc - nc -
4.5 nc - nc - nc - nc - nc - nc -
5 nc - nc - nc - nc - nc - nc -
5.5 nc - nc - nc nc nc - nc -
6 nc - nc - nc - nc - nc - nc -

Table 3 corresponds to a test on a 5 x 5 Hilbert matrix. It is clear that the numer of iterations is high due to the bad

conditioning of the matrix. Nevertheless, the performance is, in general similar to previous cases.

Now, we compare our proposed method of family p = 3, &y = @y = 0 and o3 = 0.7 (denoted by PM3 ; with other known
ones, introduced in the previous section and denoted by SS, TS, HM and MP. In Table 4, we present the results obtained for
*

these schemes on a Toeplitz matrix of size 100 x 100, by using the initial estimation Xy = 8

A
AN

tolerance 1076 and a

maximum of 200 iterations. We notice that our scheme gets convergence to the inverse matrix in a very similar execution
time (e-t) than other methods with higher order of convergence and moreover, it converges with initial estimations with
bigger values of § than the rest of procedures.
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Fig. 6. Dynamical planes corresponding to some second-order methods with X, = ﬁﬁ on Hilbert matrix As.
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Table 4
Numerical results for a Toeplitz matrix of size 100 x 100.
B SS PM3y7 TS HM MP
it res e-t it res e-t it res e-t it res e-t it res e-t

01 4 3.8e-14 0028 10 3.1e-10 0.025 6 4.8e-15 0.044 7 1.4e-15 0.027 7 6.9e-12  0.022
05 3 4.4e-14 0.029 8 6.4e-10 0.026 4 4.2e-7 0.026 5 3.6e-8 0.028 6 1.1e-15  0.022
09 3 4.1e-14  0.031 7 2.6e-8 0.028 4 6.2e-12 0.034 5 1.7e-13  0.027 5 1.3e-10  0.031
1 3 3.9e-14 0037 7 4.8e-9 0.032 4 3.9e-13 0029 5 8.7e-15 0.038 5 1.1e-11 0.031
1.5 3 3.5e-14 0.029 7 1.1e-12  0.026 4 7.3e-15 0.032 4 1.8e-7 0.022 5 9.9e-16  0.026
2 2 2.7e-8 0.020 6 2.1e-8 0.028 3 8.6e-7 0.024 4 1.3e-9 0.027 4 5.6e-8 0.022
25 3 6.4e-14 0024 6 3.3e-10 0.024 4 1.9e-10 0.027 5 1.1e-9 0.017 6 7.8e-15  0.028
3 nc - - 6 1.5e-11 0.027 nc - - nc - - nc - -

3.5 nc - - 6 1.4e-11 0.023 nc - - nc - - nc - -

4 nc - - 7 1.5e-11 0.028 nc - - nc - - nc - -

4.5 nc - - nc - - nc - - nc - - nc - -

The rest of the section is devoted to several test matrices for which we approximate its pseudoinverse. Table 5 includes
the results of pseudoinverse calculation made for the low-rank matrix A4 defined in Section 4. In this case, Chebyshev’s
method perfoms better than the most of methods under analysis, as it needs a very low number of iterations to converge
to the psudo-inverse, although p = 2 can converge even with values of 8 = 6 or higher.

A similar performance is observed in Table 6, where we use a random matrix of size 300 x 200.

Finally, we present the last example corresponding to a random matrix with no full rank. Let us consider matrix

_(B C 303x204
A_(D E)eR s
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Fig. 7. Dynamical planes corresponding to second-order class with oy € [0, 1] and Xp = ﬁw on matrix Ag.
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Table 5

. L . . Al
Numerical results for the estimation of the pseudo-inverse of A, with Xy = ﬂﬁ.
4

p=2 p=3,a;=0
A a; =0 a1 =06 a; =08 a, =0 ar =0.6 ar =0.8
it res it res it res it res it res it res

1 13 49e-10 43 69e-7 86  8.2e-7 11 7.6e-10 12 1.2e-10 9 2.9e-15
1.5 12 1.0e-7 42  6.2e-7 83  9.7e-7 11 2.0e-13 11 8.7e-8 8 3.5e-8
2 12 4.6e-10 41 6.7e-7 82  8.5e-7 10 1.3e-8 11 7.2e-10 8 1.1e-10

2.5 nc 40 7.9e-7 81 8.1e-7 10 3.5e-10 nc nc

3 nc - 39 9.9e-7 80 8.0e-7 10 1.0e-11 nc - nc -
3.5 nc - 39 7.9e-7 79 9.3e-7 10 6.2e-10 nc - nc -
4 nc - nc - 78 8.8e-7 nc - nc - nc -
4.5 nc - nc - 77 9.5e-7 nc - nc - nc -
5 nc - nc - 77 8.3e-7 nc - nc - nc -
5.5 nc - nc - 76 9.2e-7 nc - nc - nc -
6 nc - nc - 76 8.3e-7 nc - nc - nc -

where B is a random matrix of size 300 x 200, B = rand (300, 200), C is a matrix of zeros, C = zeros(300, 4), D is a matrix
of ones, D = ones(3, 200) and E is the matrix

1 1 0 -1
E=(2 0 O 0
3 1 0 -1

In this case, we use as stopping criterium || X;,; — Xi|| < 107 and the last value of ||X;,; — X, appears in the column called

’ ’

res’.

The results corresponding to this example are shown in Table 7. When this table is observed, we notice that the best
global results are from MP and our proposed method PM3 ;. Both schemes unify very wide areas of converging initial
estimations with low execution times.



A. Cordero, P. Soto-Quiros and J.R. Torregrosa Applied Mathematics and Computation 409 (2021) 126381

Table 6 T
Numerical results for the estimation of the pseudoinverse of a random matrix of size 300 x 200 with Xy = ﬂW.

p=2 p=3,a,=0
B ;=0 o1 =0.6 o =08 ;=0 o, =0.6 a; =08
it res it res it res it res it res it res

19  5.4e-8 56 6.7e-7 109 9.7e-7 13  4.9e-15 16 1.2e-9 18  5.7e-14
1.5 19  13e-11 55 6.0e-7 107  9.3e-7 12 4.3e-8 16 4.2e-13 17 3.8e-10
18  5.4e-8 54 6.5e-7 106  8.1e-7 12 1.5e-10 15  2.1e-8 17  6.8e-13

2.5 nc - 53 7.7e-7 104 9.7e-7 nc - 15 6.1e-10 nc -
3 nc - 52 9.7e-7 103 9.7e-7 nc - 15 2.1e-11 nc -
3.5 nc - 52 7.7e-7 103 8.0e-7 nc - 15 3.5e-8 nc -
4 nc - nc - 102 8.5e-7 nc - nc - nc -
4.5 nc - nc - 101 9.2e-7 nc - nc - nc -
5 nc - nc - 101 8.1e-7 nc - nc - nc -
5.5 nc - nc - 100 9.0e-7 nc - nc - nc -
6 nc - nc - 100 8.1e-7 nc - nc - nc -

Table 7

Numerical results for non-square matrix without full rank of size 303 x 204.
B SS PM3g 7 TS HM MP

it res e-t it res e-t it res e-t it res e-t it res e-t

0.1 8 3.6e-14 0308 19  4.9e-7 0.266 11  8.4e-9 0.211 13 3.7e-8 0240 14  3.9e-11 0.244
05 7 33e-14 0266 17  9.7e-7 0273 10 1.2e-9 0245 12 6.0e-11 0264 13 1.8e-15 0.236
09 7 33e-14 0289 17 1.2e-10 0266 10 4.1e-15 0.231 12 1.9e-15 0238 12 1.1e-9 0.235
1 7 3.6e-14 0276 17 1.5e-11 0262 10 4.1e-15 0242 11 6.4e-7 0244 12 13e-10 0.248
1.5 7 3.2e-14 0273 16  2.9e-8 0266 9 7.9e-7 0245 11 1.2e-9 0240 12 3.7e-15  0.237
2 6 3.7e-7 0265 16 24e-10 0245 9 1.0e-8 0248 11  3.1e-12 0250 11 5.4e-7 0.240
25 6 1.1e-8 0258 16 1.4e-12 0258 9 1.5e-10  0.233 11  9.8e-5 0242 11 1.9e-8 0.250
3 nc - 15 2.0e-7 0.230 nc - - nc - - 11 6.7e-10 0.264
3.5 nc - 15 2.3e-8 0.231 nc - nc - - 24 6.7e-12 0.314
4 nc - 15 2.8e-9 0.265 nc - - nc - - 11 9.6e-13 0.228
4.5 nc - nc - - nc - - nc - - nc - -

/
i
i

(a) (b)

Fig. 8. (a) Some randomly selected images of Saturn. (b) Noisy versions of images in (a).

Now, we are going to apply the proposed schemes on a non-academic problem dealing with image processing.
6.1. lllustrative example: image denoising

This example illustrates an application of proposed method to an image denoising problem [31-33]. Specifically, we
consider the problem of compression, filtering and decompression of a noisy image C € R99*%0 estimation on the basis of
the set of training images A= {A(), ..., A®}, where AU) e R9*%, for j=1,....s. Our training set A consists of s = 2000
different satellite images from Saturn (see Fig. 8(a) for 9 sample images). Images in A were taken from the NASA Solar
System Exploration Database [34].

It is assumed that instead of images in .4, we observed their noisy version C = {C(l), . ..,C(S)}, where C() ¢ R99x90  for
j=1,...,s. Each CY) is simulated as C4) = AW + 0.2NW), where NU) ¢ R99%%0 js a random matrix generated from a normal
distribution with zero-mean and standard deviation 1. For each image AY), matrix NU) simulates noise. (see Fig. 8(b) for 9

15
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Fig. 9. Bar graphs of Method 1 and Method 2. Compression ratio ¢, versus: (a) MSE and (b) SSIM between Methods 1 and 2.

sample images). It is assumed that noisy image C does not necessarily belong to C, but it is “similar” to one of them, i.e.,
there is CY) e ¢ such that

CY e argmin ||CY —Cl|f, < 6,
Chec

for a given § > 0.

Here, we vectorize matrices AY) and CU), i.e., convert each matrix into a column vector by stacking the columns of the
matrix. Let vect : R™*" — R™ be the vectorization transform. We write a; = vec(AY)) e R81%0 and c; = vec(CV)) e R8100,
If A=[aj ay ... as] € R8100x2000 and C =[¢y ¢y ... ¢s] € R8100x2000 the goal of the image denoising problem is find X e
R8100x8100 that gives a small reconstruction error for the training set, i.e., find X such that

IA—XC|3, = 1A —XC|7,- (8)

min
X eR8100x8100

Here, R™" denotes the set of all real m x n matrices of rank at most r < min{m, n}. A solution of problem (8), given by
Friedland and Torokhti [35], is

X = |AcTc).Cf, 9)

where |[M], is the r-truncated SVD of M. In this example, we use the proposed method to compute the pseudoinverse, with
Co = % p=2, a; =0.6 and oy = 0.4.

(0 ) )

Fig. 10. Illustration of the estimation of noisy image C by Methods 1 and 2. (a) Source image. (b) Noisy observed image C. (c)-(d) Estimation using
Methods 1 and 2, respectively, for ¢, = 0.25. (e)-(f) Estimation using Methods 1 and 2, respectively, for ¢, = 0.5. (g)-(h) Estimation using Methods 1 and 2,
respectively, for ¢, = 0.75. (i)-(j) Estimation using Methods 1 and 2, respectively, for ¢, = 1.
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The compression ratio in problem (8) is given by ¢, = m. Fig. 9 presents the execution MSE and structural similarity

index! (SSIM) between Method 1, which compute (9) using Matlab command pinv, and Method 2, which compute (9) using
proposed method, for compression ratio cr € {0.25,0.5,0.75, 1}, i.e., r € {2025, 4050, 6075, 8100}. In Fig. 10, we show the
estimates of C using both methods. The numerical results obtained in Figs. 9 and 10 clearly demonstrate the advantages of
the proposed method. It is clear that both methods achieve the same MSE.

7. Conclusions

In this paper, we have developed a parametric family of iterative methods for computing inverse and pseudoinverse of
a complex matrix, having arbitrary order of convergence. Moreover, we have shown in Theorems 1 and 2 that the order of
the suggested method in (2) depends on the first non-zero parameter. Moreover, among all the procedures with the same
order of convergence, those with the first non-zero parameter between 0.6 and 0.8 show the best performance, in terms of
stability.

The proposed parametric family in (2) is a generalization of other methods which are obtained for particular values of
the parameters. The numerical experiments show the feasibility and effectiveness of the new methods, for both nonsingular
and rectangular matrices with or without full rank and arbitrary size. Indeed, the proposed methods have proven their
applicability by solving image denoising problems with success.
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Foreword

It is with great pleasure that we present the Proceedings of the 26" Congress of Differential Equations and Appli-
cations / 16" Congress of Applied Mathematics (XXVI CEDYA / XVI CMA), the biennial congress of the Spanish
Society of Applied Mathematics SEMA, which is held in Gijén, Spain from June 14 to June 18, 2021.

In this volume we gather the short papers sent by some of the almost three hundred and twenty communications
presented in the conference. Abstracts of all those communications can be found in the abstract book of the
congress. Moreover, full papers by invited lecturers will shortly appear in a special issue of the SEMA Journal.

The first CEDYA was celebrated in 1978 in Madrid, and the first joint CEDYA / CMA took place in Mélaga in
1989. Our congress focuses on different fields of applied mathematics: Dynamical Systems and Ordinary Differ-
ential Equations, Partial Differential Equations, Numerical Analysis and Simulation, Numerical Linear Algebra,
Optimal Control and Inverse Problems and Applications of Mathematics to Industry, Social Sciences, and Biol-
ogy. Communications in other related topics such as Scientific Computation, Approximation Theory, Discrete
Mathematics and Mathematical Education are also common.

For the last few editions, the congress has been structured in mini-symposia. In Gijén, we will have eighteen
minis-symposia, proposed by different researchers and groups, and also five thematic sessions organized by the
local organizing committee to distribute the individual contributions. We will also have a poster session and ten
invited lectures. Among all the mini-symposia, we want to highlight the one dedicated to the memory of our
colleague Francisco Javier “Pancho” Sayas, which gathers two plenary lectures, thirty-six talks, and more than
forty invited people that have expressed their wish to pay tribute to his figure and work.

This edition has been deeply marked by the COVID-19 pandemic. First scheduled for June 2020, we had to
postpone it one year, and move to a hybrid format. Roughly half of the participants attended the conference online,
while the other half came to Gijén. Taking a normal conference and moving to a hybrid format in one year has
meant a lot of efforts from all the parties involved. Not only did we, as organizing committee, see how much of the
work already done had to be undone and redone in a different way, but also the administration staff, the scientific
committee, the mini-symposia organizers, and many of the contributors had to work overtime for the change.

Just to name a few of the problems that all of us faced: some of the already accepted mini-symposia and
contributed talks had to be withdrawn for different reasons (mainly because of the lack of flexibility of the funding
agencies); it became quite clear since the very first moment that, no matter how well things evolved, it would be
nearly impossible for most international participants to come to Gijon; reservations with the hotels and contracts
with the suppliers had to be cancelled; and there was a lot of uncertainty, and even anxiety could be said, until we
were able to confirm that the face-to-face part of the congress could take place as planned.

On the other hand, in the new open call for scientific proposals, we had a nice surprise: many people that would
have not been able to participate in the original congress were sending new ideas for mini-symposia, individual
contributions and posters. This meant that the total number of communications was about twenty percent greater
than the original one, with most of the new contributions sent by students.

There were almost one hundred and twenty students registered for this CEDYA / CMA. The hybrid format
allows students to participate at very low expense for their funding agencies, and this gives them the opportunity
to attend different conferences and get more merits. But this, which can be seen as an advantage, makes it harder
for them to obtain a full conference experience. Alfréd Rényi said: “a mathematician is a device for turning coffee
into theorems”. Experience has taught us that a congress is the best place for a mathematician to have a lot of
coffee. And coffee cannot be served online.

In Gijén, June 4, 2021

The Local Organizing Committee from the Universidad de Oviedo
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Abstract

A family of iterative schemes for finding approximate inverses of nonsingular matrices is suggested and
established analytically. This class of methods can be used for finding the Moore-Penrose inverse of a rectangular
complex matrix. The order of convergence is stated in each case, depending on the first non-zero parameter. For
different examples, the accessibility of some schemes, that is, the set of initial estimations leading to convergence,
is analyzed in order to select those with wider sets. This wideness is related with the value of the first non-zero
value of the parameters defining the method. Finally, some numerical examples are provided to confirm the
theoretical results and to show the feasibility and effectiveness of the new methods.

1. Introduction

Computing the matrix inverse of nonsingular matrices of higher size is difficult and is a time consuming task.
Generally speaking, in wide variety of topics, one must compute the inverse or particularly the generalized inverses
to comprehend and realize significant features of the involved problems.

In the last decade, many iterative schemes of different orders have been designed for approximating the inverse
or some generalized inverse (Moore-Penrose inverse, Drazin inverse, etc.) of a complex matrix A. In this paper,
we focus our attention on constructing a new class of iterative methods, free of inverse operators and with arbitrary
order of convergence, for finding the inverse of a nonsingular complex matrix. We also study the proposed class for
computing the Moore-Penrose inverse of complex rectangular matrices. The designed family depends on several
real parameters, which by taking particular values provide us numerous known methods constructed by other
authors with different procedures.

The most known iterative scheme for computing the inverse A~! of a nonsingular complex matrix A is the
Schulz’s method whose iterative expression is

X1 = Xp (21 — AXy), k=0,1,... (1.1)

where [ is the identity matrix with the same size of A. Schulz in [8] demonstrated the convergence of sequence
{Xx } x>0, obtained from (1.1), to the inverse A~! is guaranteed if the eigenvalues of matrix I — AX, are lower than
1. Taking into account that the residuals Ex = I — AXy, k =0, 1, ... satisfy ||Ex41|| < ||Ex||%, expression (1.1) has
quadratic convergence. In general, in the Schulz-type methods it is common to use as initial approach Xy = @A™ or
Xo = aA, where 0 < a <2/p(A*A), where A* is the conjugate transpose of A and p(-) the spectral radius. In this
paper, we use in the case of inverses and also in generalized inverses, the initial estimation X = BA*/||A||>. We
also study the values of the parameter 8 that guarantee convergence.
Li et al. in [5] proposed the family of iterative methods

(v=-1) viv—-1)(v-2)
2

Xear = X; [vi- L AX; + 5 (AX)? = .+ (=) Nax)” ], v=2,3,...

with Xo = @A*. They proved the convergence of v-order of {Xy }x>o to the inverse of matrix A. This class was
used by Chen et al. in [2] and by Li et al. in [19] for approximating the Moore-Penrose inverse.

Soleymani et al. in [18] also constructed a fourth-order iterative scheme for calculating the inverse and the
Moore-Penrose inverse, with iterative expression

1
Xie1 = 5 X (9 = AXi(16] = AXy (141 = AXi (6 = AX1)))). k=0.1....

On the other hand, Stanimirovié et al. in [16] designed the following scheme of order eleven for computing the

. . )
generalized outer inverse AT’ S

Xir1 = Xe (I + (R + RO+ (R; + R)(I+RY))), k=0,1,...
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being Ry =1 - AXy, k=0,1,....
Kaur et al. in [4], by using also the hyperpower iterative method, designed the following scheme of order five
for obtaining the weighted Moore-Penrose inverse

Xie1 = Xk (51 = 10AXy + 10(AX1)? - 5(AXe)* + (AX)Y), k=0,1,...

These papers are some of the manuscripts that have been published to approximate the inverse of a nonsingular
matrix or some of the generalized inverses of arbitrary matrices. In this paper, we design a parametric family of
iterative schemes with arbitrary order of convergence that contains many of the methods constructed up to date.
For each fixed value of the order of convergence, we still have a class of iterative methods depending on several
parameters.

The rest of this manuscript is organized as follows. Section 2 is devoted to the construction of the proposed
class of iterative schemes, proving its convergence to the inverse of a nonsingular complex matrix, with arbitrary
order of convergence. In Section 3, it is proven that the same family of iterative methods is able to converge to the
Moore-Penrose inverse of a complex matrix of size m X n. Some particular cases of this class are found in Section
4, corresponding to existing methods proposed by different authors. A wide range of numerical test are also found
in Section 5, checking the robustness and applicability of the proposed methods on different kinds of matrices.
With some conclusions and the references used finishes this manuscript.

2. A class of iterative schemes for matrix inversion

In this section, we present a parametric family of iterative schemes for approximating the inverse of nonsingular
matrices and we prove the order of convergence of the different members of the family. First, we define the following
polynomial matrix.

Definition 2.1 Let U € C"™ be a complex square matrix and p > 0 a positive integer number. We define the
polynomial matrix H,(U) as

P
H,(U) = Z(—l)f’IC{,Uf" =Cp I -CoU+CU +...+ (=P 'chur,

J=1

) . '
where C;, is the combinatorial number C}, = (p) = P

jl i =pr
The following technical result can be proven by using mathematical induction with respect to parameter p.
Lemma 2.2 Let p > 0 be a positive integer and U € C"™. Then (I - U)? =1-UH,(U).

Let A € C"™ be a nonsingular matrix and p > 1 a positive integer. Let {a1,az,..., @p} be a set of real

P
parameters such that o; € [0,1],fori=1,2,...,p - 1,2, €]0, 1] and Zai =1.

i=1

We assume a sequence of complex matrices { Xo, X1, ..., X, ...}, of size m X m, satisfying following conditions:
@ |[I-AXpll =y <1,
p .
(b) I -AXkr1 = ) ai(I - AXy)".

i=1

We consider the family of methods with iterative expression

)4
Xis1 =XkZaiHi(AXk), k=0,1,... 2.1)

i=1

For each positive integer p, p > 1, we have a different class of iterative methods, whose order of convergence
depends on the value of parameters «;,i = 1,2,...,p.
In the following results, the convergence of these schemes to the inverse of matrix A is proven.

Proposition 2.3 Let A € C™ ™ be a nonsingular matrix and p > 1 a positive integer. Let us consider the sequence
of complex matrices constructed as

p
Xiv1 = Xg

a,-H,-(AXk), k = O, 1, ey
i=1

142



A. CORDERO, P. SOTO-QUIROS AND J.R. TORREGROSA

P
where a; € [0,1], fori=1,2,..,p -1, @, €]0,1] and Z a; = 1. Then, condition

i=1

I—AXpr = ) a;(I - AXy)',

p
i=1

is equivalent to

4 i
Xt = Xi ) ai| ) (=1)7'C/(AX )] 22)
i=1 j=1

By mathematical induction it is also easy to prove the following result.

Proposition 2.4 Let us consider sequence { Xy } >0 obtained from expression (2.1). If ||I — AXy|| < 1, then
1-AXp|l <1, k=1,2,...
From these previous results, we can establish the following convergence theorem.

Theorem 2.5 Let A € C™™ be a nonsingular matrix and an initial guess Xo € C"™™. Let ay,...,ap be

p
nonnegative real numbers such that a; € [0,1], @), # 0 and Z a; = 1. If|[I = AXp|| < 1, then sequence { Xy } 1 >0,
i=1
{i | a; #0}.
..... p
In the next section, we extend the iterative schemes (2.1) for finding the Moore-Penrose inverse of any complex
rectangular matrix.

3. A class of iterative schemes for computing Moore-Penrose inverse
Let A be a m x n complex matrix. The Moore-Penrose inverse of A (pseudoinverse), denoted by AT, is the unique
n X m matrix X satisfying

AXA=A, XAX =X, (AX)" = AX, (XA)" = XA.

This generalized inverse plays an important role in several fields, such as eigenvalue problems and the linear
least square problems [3]. It can be obtained, explicitly, from the singular value decomposition of A but, with a high
computational cost. Therefore, it is interesting to have efficient iterative methods to approximate this matrix. In
this section, we prove how family (2.1) allows us to compute the pseudoinverse with the same order of convergence
that in the previous section, where the inverse of a square matrix was calculated. First, we establish the following
technical result, that is proven by mathematical induction, although other authors state similar results in the context
of outer inverses (see, for example, [17]).

Lemma 3.1 Let us consider Xo = aA*, where @ € R, and sequence { Xy }r >0 generated by family (2.1). For any
k > 0, it is satisfied

(XkA)* = Xk A, (AXp)" = AXk, XpAAT = X, ATAX) = X, (3.1)
Now, some technical results are presented.
1
Lemma 3.2 ([2]) Let A € C"™" and Xy = aA* be, where a < — and o1 is the largest singular value of A. Then

o]
l(Xo—ADA| < L.

Lemma 3.3 Let A € C™" and {Xi }rs0 be the sequence generated by (2.1). Let us consider E; = X; — A,
k=0,1,.... Then,

LI Xx — AT|| < | ExANlIATY,
2. (I-ATAELA=0.
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Lemma 3.4 Let A € C"™" and {Xi }rs0 be the sequence generated by (2.1). By using Ex = Xx — AY, defined in
the previous lemma, we have

Exs1A = iai(—l)i‘l(EkA)i, k=0,1,... (3.2)
i=1
Finally, we can state the following convergence result.
Theorem 3.5 Let A € C"™" and g = i:lIB,i.I.l.,p{i | @; # 0}. Then, sequence { Xy} >0 generated by (2.1) converges
to the Moore-Penrose inverse AT with gth-order provided that Xy = aA*, where @ < Lz is a constant and o is
the largest singular value of A. 7
4. Some known members of the proposed class

The family of iterative schemes (2.1) is a generalization of other known methods constructed with different
techniques. Now, we describe some of them.

1. Forany p > 1,if @y =--- = ap-1 = 0 and @), = 1, then we obtain the method proposed by Li and Li. (see
Eq. (2.3) in [5] for inverse case and Eq. (2.1) in [2] for pseudoinverse one). Recall that method proposed by
Li and Li generalizes the Newton-Schultz (p = 2) and Chebyshev method (p = 3).

2. On the other hand, if ¢; =0 fori =1,2,...,8, @9 = @y = 1/8 and a9 = @11 = 3/8, then we get the method
proposed by Soleymani and Stanimirovic (see Eq. (12) in [9]).

3. Also, expression (2.1) gives us the method proposed by Toutounian and Soleymani (see Eq. (18) in [18]), if
ag=1/2andas =1/2and oy = @y = a3 = 0.

4. When the only not null parameter is @7 = 1, then we obtain method proposed by Soleymani (see Eq. (18)
in [11]).

5. Ina similar way, if the only parameter different from zero is @ = 1, then the method proposed by Soleymani,
Stanimirovic and Zaka (see Eq. (2.4) in [14]) is obtained.

6. When a; = 0 fori = 1,2,...7, ag = @19 = 1/4 and a9 = 2/4, the resulting scheme is that proposed by
Soleymani in Eq. (9) in [12].

7. The method proposed by Soleymani et al in [13], Eq. (10), appears if @; = --- = ag = 0, a9 = 7/9 and
a0 = 2/9.

8. The scheme proposed by Razavi, Kerayechian, Gachpazan and Shateyi, (see Eq. (16) in [7]) is obtained if
we choose @] = ... = a9 =0, ajg = @12 = 1/4 and @1 = 1/2 in Equation (2.1).

9. When the first eight paramenters are null, ag = 343/729, a9 = 294/729, a1 = 84/729 and |, = 8/729,
we get the scheme proposed by Al-Fhaid et al in [1], Eq. (5).

10. If @7 = 9/16, ag = 6/16, a9 = 1/16 and the rest of parameters are zero, then the scheme proposed by
Soleymani is found (see Eq. (3.1) in [10]).

11. When p = 12 and the only parameters different from zero are a9 = aj» = 1/8 and @y = a9 = 3/8, therefore
the method proposed by Liu and Cai. see Eq. (4) in [6]) is obtained.

12. f @y =0, @) = 1 — @ and a3 = @, where a € (0, 1], then we find the method proposed by Srivastava and
Gupta in [15]), Eq. (6).

5. Numerical examples

In this section, we check the performance of the proposed schemes, on small and large—scale matrices. Among

them, we work with the Hilbert matrix as an example of ill-conditioned matrix. These numerical tests have been

made with Matlab R2018b, by using double precision arithmetics. The convergence is checked by means of the

stopping criterium of the residual, ||[AXy; — || < 107® and a maximum of 200 iterations. In all cases, the initial
- , AT : : - :

estimation taken is Xy = ,BW, being A the matrix whose inverse we are estimating and choosing values of

parameter S close to 0.7.
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In Tables 1 - 2, elements a; = 0, @; = 0.6 and a; = 0.8 for the class p = 2 (all of them with ap = 1 — ;) are
compared with the members of class p = 3 corresponding to @; = 0 and @ = 0, @, = 0.6 and @, = 0.8, where
a3 = 1 — ay. The comparison is made through the number of iterations needed to converge (it) and the residual
[|AXy — I||, denoted by (res). If the method does not converge (typically giving “NaN"), it is denoted by “nc" in
the column of iterations; if the scheme simplify needs more than 200 iterations to converge, it is denoted by > 200.

In Table 1 the numerical results correspond to a Leslie matrix of size 100 X 100, and in Table 2 the results
generated by a Hilbert matrix of size 5 X 5 are shown.

p=2 p=3,a =0
B a1 =0 a1 =0.6 a1 =0.8 a; =0 ar =0.6 a =0.8
it res it res it res it res it res it res
1 18 | 6.9e-12 | 55 | 8.5e-7 113 92e-7 | 11 | 2.9e-8 | 14 | 6.4e-7 | 16 | 2.4e-10
1.5 17 | 42e-9 | 54 | 7.7e-7 111 8.8¢-7 | 11 | 4.8e-12 | 14 | 2.4e-9 | 15 | 1.4e-7
2 | 53| 3.7e-11 | 53 | 8.3e-7 107 9.6e-7 | 33 | 8.0e-11 | 14 | 1.3e-11 | 15 | 1.4e-9
2.5 | nc - 52 | 9.8e-7 108 9.2e-7 | nc - 13| 3.9e-7 | nc -
3 nc - 52 | 7.5e-7 107 9.2e-7 | nc - 13 | 3.7e-8 | nc -
3.5 | nc - nc - 106 9.5e-7 | nc - 26 | 1.1e-12 | nc -
4 | nc - nc - 106 8.1e-7 | nc - nc - nc -
4.5 | nc - nc - 105 8.7e-7 | nc - nc - nc -
5 nc - nc - 104 9.6e-7 | nc - nc - 14 | 1.2e-12
5.5 | nc - nc - 104 8.5e-7 | nc - nc - nc -
6 | nc - nc - > 200 - nc - nc - nc -

Tab. 1 Numerical results for a Leslie matrix of size 100 x 100

In Table 1, we notice that for large—scale (100 x 100) Leslie matrix, the numerical results obtained by p = 2,
a1 = 0 and a; = 0.6 show convergence to the inverse matrix even when parameter § of the initial estimation is
not close to zero. However, in these cases the number of iterations is very high. Regarding the lowest number of
iterations needed to converge, the best method corresponds to p = 3, @; = 0 and @, = 0.6 as it holds low number
of iterations and high value of §.

Table 2 corresponds to a test on a 5 X 5 Hilbert matrix. It is clear that the number of iterations is high due to
the bad conditioning of the matrix. Nevertheless, the performance is, in general similar to previous cases.

pP= 2 pP= 3’ ) = 0
ﬂ (07 =0 aq =0.2 (07 =0.4 012=0 ()!220.6 a'2=0.8
it res it res it res it res it res it res
1 42 | 39e-9 | 54 | 5.7e-7 | 72 | 43e-7 | 27 | 2.3e-11 | 34 | 9.5e-11 | 37 | 1.07e-7
1.5 41 | 49e-7 | 53 | 9.3e-7 | 71 | 4.8¢-7 | 26 | 5.1e-8 | 33 | 1.5¢-7 | 37 | 9.8e-11
2 | 56| 57e-8 | 53 | 42e-7 | 70 | 6.9¢-7 | nc - 33 | 2.3e9 | 36 | 3.9e-7
2.5 | nc - nc - 70 | 4.5¢-7 | nc - 33 | 4.8e-11 | nc -
3 | nc - nc - nc - nc - 33 | 1.3e-11 | nc -
3.5 | nc - nc - nc - nc - 32 | 2.1e-8 | nc -
4 | nc - nc - nc - nc - nc - nc -
4.5 | nc - nc - nc - nc - nc - nc -
5 | nc - nc - nc - nc - nc - nc -
5.5 | nc - nc - nc - nc - nc - nc -
6 | nc - nc - nc - nc - nc - nc -

Tab. 2 Numerical results for a Hilbert matrix of size 5 X 5

Finally, Table includes the results of pseudoinverse calculation for a random matrix of size 300 x 200. In this
case, Chebyshev’s method performs better than the most of schemes under study, as it need a very low number of
iterations to converge to the pseudoinverse, although p = 2 can converge even with values of S = 6 or higher.

6. Conclusions

In this paper, we have developed a parametric family of iterative methods for computing inverse and pseudoinverse
of a complex matrix, having arbitrary order of convergence. Moreover, we have shown in Theorems 2.5 and 3.5
that the order of the suggested method in (2.1) depends on the first non-zero parameter. The proposed parametric
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p=2 p=3,a =0
B a1 =0 a1 =0.6 a1 =0.8 a =0 a; =0.6 a =0.8
it res it res it res it res it res it res
1 19 | 5.4e-8 | 56 | 6.7¢-7 | 109 | 9.7e-7 | 13 | 49e-15 | 16 | 1.2e-9 | 18 | 5.7e-14
1.5 (19 | 1.3e-11 | 55 | 6.0e-7 | 107 | 9.3e-7 | 12 | 4.3e-8 | 16 | 4.2e-13 | 17 | 3.8¢e-10
2 18 | 5.4e-8 | 54 | 6.5¢-7 | 106 | 8.1e-7 | 12 | 1.5e-10 | 15 | 2.1e-8 | 17 | 6.8e-13
2.5 | nc - 53 | 7.7¢-7 | 104 | 9.7e-7 | nc - 15 | 6.1e-10 | nc -
3 nc - 52 | 9.7e-7 | 103 | 9.7e-7 | nc - 15 | 2.1e-11 | nc -
3.5 | nc - 52 | 7.7¢e-7 | 103 | 8.0e-7 | nc - 15 | 3.5¢-8 | nc -
4 | nc - nc - 102 | 8.5¢e-7 | nc - nc - nc -
4.5 | nc - nc - 101 | 9.2e-7 | nc - nc - nc -
5 | nc - nc - 101 | 8.1e-7 | nc - nc - nc -
5.5 | nc - nc - 100 | 9.0e-7 | nc - nc - nc -
6 | nc - nc - 100 | 8.1e-7 | nc - nc - nc -
AT
Tab. 3 Numerical results for the estimation of the pseudoinverse of a random matrix of size 300 x 200 with Xy = 8 W

family in (2.1) is a generalization of other methods which are obtained for particular values of the parameters.
The numerical experiments show the feasibility and effectiveness of the new methods, for both nonsingular and
rectangular matrices with or without full rank and arbitrary size.
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A Fast Algorithm for Image )
Deconvolution Based on a Rank greckie
Constrained Inverse Matrix

Approximation Problem

Pablo Soto-Quiros, Juan Jose Fallas-Monge, and Jeffry Chavarria-Molina

Abstract In this paper, we present a fast method for image deconvolution, which is
based on the rank constrained inverse matrix approximation (RCIMA) problem. The
RCIMA problem is a general case of the low-rank approximation problem proposed
by Eckart-Young. This new algorithm, so-called the fast-RCIMA method, is based
on tensor product and Tikhonov’s regularization to approximate the pseudoinverse
and bilateral random projections to estimate the rank constrained approximation.
The fast-RCIMA method reduces the execution time to estimate optimal solution
and preserves the same accuracy of classical methods. We use training data as a
substitute for knowledge of a forward model. Numerical simulations on measuring
execution time and speedup confirmed the efficiency of the proposed method.

Keywords Rank constrained + Pseudoinverse + Fast algorithm + Speedup + Image
deconvolution

1 Introduction

Image deconvolution is an image processing technique designed to remove blur or
enhance contrast and resolution [1, 2]. If X € R™*” represents an digital image, then
the mathematical model in image deconvolution can be written as

Ax +1n=c, (D
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where x € R™" is a vectorized version of X (i.e., convert X into a column by stacking
its columns), A € R™>*"" ig a matrix that models the forward process, n € R™" is
an additive noise, and ¢ € R™" is a vectorized version of the noisy image C € R"*".
Given c and A, the goal of the inverse problem is to reconstruct x.

Entries in A depend on the point spread functions (PSFs) of the imaging system,
and under some assumptions, matrix A may be highly structured so that an efficient
algorithms can be used in the inverse problem to reconstruct x [1]. However, matrix
A is unknown in most case, and only observed noisy image c is available. To solve
this problem, training data is used as substitute for knowledge of the forward model
by introducing a rank constrained inverse matrix problem that avoids including A in
the problem formulation [2].

Let R?™ be the set of all real p x g matrices of rank at most » < min{p, q}. If
{x®}2_, and {¢®}}_, are training data of vectorized images x and c, respectively,
then the goal of the rank constrained inverse matrix problem is to find F € Ry
that gives a small reconstruction error for the given training set, i.e., find F such that

F = argmin — Z |Fc® — x*2, )
Femprm S

where || - || is the Euclidean norm. Using relationships between Euclidean norm and

Frobenius norm (i.e., || - || s»), problem (2) can be reformulated as follows:
~ 1 5
F = argm1n—||FC—X||f,, 3
Fegmemn S

where X and C are created using training data, i.e., X =[xV x® ... x®] e R™*S
and C = [V ¢@ ... ¢®] € R™*5_ Once matrix F is computed, a matrix-vector
multiplication is required to solve the problem, i.e., x = Fe.

Problem (3) is so-called the rank constrained inverse matrix approximation
(RCIMA) problem, which is a generalization of the well know low-rank approx-
imation problem proposed by Eckart-Young [3]. In [2], Chung and Chung present a
solution of the RCIMA problem, which uses the SVD to estimate the pseudoinverse
and the low-rank approximation. The SVD method is very accurate but is critically
blocked by computational complexity that makes it impractical in the case of large
matrices [4, 5].

In this paper, we propose a new and efficient method to compute a solution of
the RCIMA problem (3), so-called the fast-RCIMA method. The approach of this
new method uses fast algorithms to approximate the pseudoinverse and low-rank
matrix. Most specifically, the fast pseudoinverse technique used in the fast-RCIMA
method utilizes a special type of tensor product of two vectors [7] and Tikhonov’s
regularization [8, 9] (see Sect. 3.1 below for further details). Besides, a bilateral
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random projection and its power-scheme modification [10, 11] are used in this paper
to estimate a low-rank approximation. Moreover, in this paper we proposed a gen-
eralization of the method developed in [11] to estimate a low-rank approximation,
which includes analysis of particular case rank(Y;) < r, where Y, € R"*" is a right
random projection (see Sect. 3.2 below for further details). The proposed implemen-
tation to estimate a solution of the RCIMA problem reduces the execution time to
compute F in (3) and, moreover, preserves the same accuracy of classical method
developed in [2].

In this work, we choose methods already mentioned briefly in [7, 8, 10, 11]
for their easy computational implementation and their high-speed and efficiency to
calculate the pseudoinverse and low-rank approximation. However, there are other
fast algorithms to estimate the pseudoinverse and low-rank approximation (see, e.g.,
[6, 12-15]).

Throughout this paper, we use the following notation: M denotes the pseudoin-
vserse of M, I,, € R™*™ is the identity matrix, and M (1 :i,:) and M(:, 1 : j) are
formed with the first i rows and j columns, respectively, of M.

The paper is organized as follows. Section 2 presents a solution of the RCIMA
problem based on the SVD method given in [2]. Fast algorithms to estimate the
pseudoinverse and low-rank approximation, respectively, are explained in Sect. 3. In
Sect. 4, the fast-GRLMA method is proposed to approximate a solution to problem
(3). A numerical example based on image deconvolution is presented in Sect. 5.
Finally, Sect. 6 contains some concluding remarks.

2 RCIMA Method

A solution of problem in (3) is proposed by Chung and Chung [2]. Let C = UX VT
be the singular value decomposition (SVD) of C. If k = rank(C) and P = XV} VkT,
where V;, = V (:, 1 : k), then a solution of the RCIMA problem is given by

F=PcC, 4)

where P, is the optimal low-rank approximation of P, such that rank(P,) < r (see
Sect. 3.2 below for more details). Matrix P is known as the kernel of the RCIMA
problem. The associated implementation of (4) is presented below in Algorithm 1.
This implementation is so-called the RCIMA method.
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Algorithm 1: RCIMA method

Input : Training Data {x(k)},f:1 C R™, {c(")}f:l CR™ andr < mn
Output: F € R
1 X =[xDx®@  x9)

2C=[cDc® . O

3 [~,~,V]=svd(C)

4 k = rank(C)

5 Vi=V(@, 1:k)

6 P=XW VT

7 (0,5, V]=svd(P)
8F=UC1:nS1:r1:9)[VC1:m]TCT

3 Fast Algorithm to Compute Pseudoinverse
and Low-Rank Approximation

As mentioned in the above Sect. 2, the RCIMA method uses the SVD to com-
pute pseudoinverses and a low-rank approximation, respectively. However, the SVD
method is usually very expensive for high-dimensional matrices. Therefore, in
this section, we show two fast algorithms to compute pseudoinverse and low-rank
approximation.

3.1 Pseudoinverse and Tensor Product Matrix

The pseudoinverse of Z € R"*", denoted bv y Z" € R"*™, is the unique matrix
satisfying the conditions ZZ'Z = Z,72"727" = Z7, (Z*Z)T = Z"Z and (ZZT)T =
ZZ'. 1t Z =UXVT is the SVD of Z and k = rank(Z), then the standard procedure
to calculate Z is as follows:

Zi=UC1: Ok 10O VE 0. (5)

Katsikis and Pappas [7] provides a fast and reliable algorithm in order to compute
the pseudoinverse of full-rank matrices, which does not use the SVD method. This
algorithm is based on a special type of tensor product of two vectors, that is usually
used in infinite dimensional Hilbert spaces. The method to compute the pseudoinverse
of a full-rank matrix Z in [7] is defined by

. ZT"2)'Z" if m > n
z' = {ZT(ZZT)1 ifm<n’ ©)
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In 2008, Lu et al. [8] extended the method in [7] for computing the pseudoinverse
of rank deficient matrices, using an approximation of Tikhonov’s regularization in
order to estimate Z. If Z is a rank deficient matrix, then the method proposed in [8]
to approximate Z' is defined by

Z"Z+al) ' ZT ifm>n

T% =
A {ZT(ZZT +al,) Vifm<n’ )

where « is a positive number close to zero. Formula (7) is usefull to approximate Z
because, if @ — 0in (7), then Z" = Zp (see Theorem 4.3 in [9]).

The method to estimate the pseudoinverse given by (6)—(7) is so-called the tensor
product matrix (TPM) method.

3.2 Low-Rank Approximation and Bilateral Random
Projection

Given L € R™" and r < min{m, n}, the low-rank approximation problem is a min-
imization problem where the goal is to find L, € R"*" such that

IL = Lol = min L = L[, (8)

If L =UXVT is the SVD of L, then L, is given by
ZrzU(:,l X1 :rn1:rV(QE, 1 :r)]T. 9)

An alternative method to estimate Zr was developed by Fazel et al. [10]. These
authors show that a fast method to estimate L, is

L, =Y(ATY)'Y) (10)

where
Yi=LA, Y,=LTA, (11)

are r-bilateral random projections (BRP) of L. Here, A| € R"*" and A, € R™*" are
arbitrary full-rank matrices. Matrices Y| and Y, are called the left and right random
projections of L, respectively. Comparing with randomized SVD in [14] that extracts
the column space from unilateral random projections, the BRP method estimates both
column and row spaces from bilateral random projections [11].
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If L is a dense matrix, then number of flops to compute L, is less than that of the
SVD based approximation [11]. However, if the singular values of L decay grad-
ually, then the accuracy of (10) may be lost. To solve this problem, Zhou and Tao
[11] propose a power-scheme to improve the approximation precision, when A?Y;
is nonsingular. In this paper, we extend the method consider in [11] for comput-
ing the low-rank matrix, when AlY; is singular. The revised method considers a
power-scheme given by left and right random projection of X = (LLT)°L and L,
respectively, i.e.,

Y = XA, = (LLTLA,, Y,=L"A,, (12)

where c is a nonnegative integer and A; € R"™*", A, € R™*" are arbitrary full-rank
matrices. This power-scheme is useful because (LL7)°LA| has the same singular
vectors as LA, while its singular values decay more rapidly [14]. Besides, note
that left random projection Y| in (12) can be represented as Y| = LA 1, Where /Tl =
LT(LLT)*"'A,,i.e., formula (12) is a particular case of (11).

Theorem 1 below shows a new alternative formula to estimate a low-rank approx-
imation of L, using a particular choice of A;.

Theorem 1 Consider random projections given by (12), where A € R"*" is a arbi-
trary full-rank matrixand Ay = L(LT L)*~' A,. Then, estimation of low-rank approx-
imation of L in (10) can be simplified to

L, =LY,Y,. (13)

Proof Note that (LLT)°L = L(LTL)°, and therefore, left projection in (12) can
be expressed as Yy = LY,. Further, from Proposition 3.2 in [9], (¥, Yg)T Y! =v,.
Then

L, =1 (Alv) v]

i

=LY, [(L(LTL)HAI)T LYZ] vy
c T T
=LY, [((LTL) A) Yz} el
=LY, [Y[ 1] ¥}
=LY,Y;.
Remark 1 Y; in (13) can be computed by the TPM method explained in Sect. 3.2.

Note that we only consider the case when number of rows is greater than or equal to
number of columns, because n > r.
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The method to estimate the low-rank approximation of L, given by (13) and
the TPM method is so-called the modified bilateral random projections (MBRP)
method. The pseudocode of the MBRP method is presented in Algorithm 2. Note
that bilateral random projections ¥; = LA and ¥, = LT A, = (LT L) A can be
computed efficiently using a loop in steps 1-4 of Algorithm 2.

Algorithm 2: MBRP Method for Computing Low-Rank Approximation

Input : L e R™1 'y < min{m, n}, Ay e R"*" and c € {1, 2,3, ...}
Output: L, € R"™"

1Y,=A
2fori=1:cdo
3 Y =LY,

4 | h=L"y

5 if Y5 is full rank then

6 | Ly =L ) 'yS

7 else if Y, is rank deficient then

8 | «€l0 1]

9 | L =L(YS Y, +al,) Y]
10

Remark 2 The Power-scheme is useful to improve accuracy of estimation of low-
rank approximation. However, if MBRP method is executed in floating-point arith-
metic and c is a large number, then all information associated with singular values
smaller than p'/“*D||L| /, is lost, where p is the machine precision [14]. There-
fore, it is recommended to take a small value for ¢. Thus, numerical simulations in
this paper are computed using ¢ = 3.

4 Fast-RCIMA Method

In this section, we propose a new implementation to compute a solution of the
RCIMA problem on the basis of the TPM and MBRP methods explained in
Sects. 3.1 and 3.2, respectively. A block diagram of this implementation, called
the fast-RCIMA method, is presented in Fig. 1, which is explained below:

Step 0:  Obtain training data {x}?_, and {c}}_,.

Step 1:  Create matrices X = [xP x® ... x®Tand C = [¢V ¢@ ... ¢®].

Step 2:  Compute pseudoinverse Cp of C, using the TPM method.

Step 3:  Compute the kernel matrix P = XV, V!, where C = UL VT is the SVD
of C, Vi, =V(,1:k) and k = rank(C) . To avoid to compute the SVD of C,
we use the fact that V; VkT = C'C (see, e.g., equation (2139) in [16]). Therefore,
kernel matrix P can be compute as P = XCpC.
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Step0:  Step1: Step2: Step 3: Step 4: Step 5:

Training Matrix TPM  Kernel Matrix MBRP  RCIMA
Data with  Method Method  Solution
Data

Fig. 1 Block diagram of the fast-RCIMA method

Step 4:  Estimate low-rank approximation P of P, using the MBRP method.
Step S:  Approximate the RCIMA solution F = P.Cp.

The associate pseudocode of the fast-RCIMA method is shown in Algorithm 3, where
¢ = 3 is used at the power-scheme.

5 Numerical Simulation

In this section, we show a numerical simulation of the proposed fast-RCIMA method
for image deconvolution. The numerical examples were run on a desktop computer
with a 2.30 GHz processor (Intel(R) Core(TM) i7-4712MQ CPU) and a 8.00 RAM.

5.1 Speedup and Percent Difference

Consider two methods that solve the same problem, Method 1 and Method 2, with
execution times 7} and 75, respectively. The computational performance analysis of
the fast-RCIMA method is evaluated using the following two metrics:

e The speedup S (or acceleration) is the ratio between the execution times of both
methods, i.e., S = T1,/T). If Method 1 is an improvement of Method 2, then
speedup will be grater than 1. However, if Method 1 hurts performance, speedup
will be less than 1 (see [17] for more details).

e The percent difference P between Method 1 and Method 2, where T1 < T», is
represented by P = 100(7, — T;)/T». Then, we say that Method 1 is P % faster
than Method 2 (see [17] for more details).
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Algorithm 3: Fast-RCIMA Method

Input : Training Data {x(k)},f:1 C R™, {c(k)},f:l CR™ r<mnand A € RS¥
Output: F ¢ Ry xmn
/* Matrix Representation of Training Data */
1 X =[xMx®  xO
C =[cD c@ . 9
/* Pseudoinverse of C with TPM Method */

(5]

3 if C is full rank then
4 | ifmn> S, thenCp = (cTC)"!cT
5 | ifmn < S, then Cp =CT(CCT)™!
6 else if C is rank deficient then
7 a €]0, 1]
8 | ifmn> S, thenCp = (CTC+als)~12zT
9 | ifmn < S, thenCp=CT(CCT +alu,)!
10 /* Kernel Matrix P */
11 P=XCpC
/* Low-Rank Matrix Approximation of P with MBRP Method */
12 Yo = Ay

13 fori=1:3do

14 Yi =P),

15 | =Py

16 if Y, is full rank then

17 | P=PrySv) Y]

18 else if Y5 is rank deficient then

19 a €]0, 1]

20 | P=Pr¥fYVa+al) Y]

21 /* Rank Constrained Inverse Matrix Approximation */
2 F=PphCp

5.2 Numerical Example for Image Deconvolution

This example illustrates the application of the RCIMA method to image deconvo-
lution using training data [2, 18], which was briefly mentioned in Sect. 1. Specif-
ically, we apply RCIMA and fast-RCIMA methods to the problem of filtering a
noisy image C € R%*% estimation on the basis of the set of a training images
X = {X(l), X(S)}, where X € R?*% for j = 1, ..., S. Our training set X
consists of s = 2000 different satellite images taken from the NASA Solar System
Exploration Database [19] (see Fig. 2a for 6 sample images).

Let vect : R™*" — R™ be the vectorization transform. We write xV) =
vec(XW) e R for j =1, ...,2000. Instead of images in X', we observed their
noisy versionC = {C(l), C(”},Where CW e RI%0 1) = pec(CP) € R8O,
then ¢) = AWxW) 4 n) where AV ¢ R81000x81000 models the forward pro-
cess and n'/) € R31%%0 5 generated using the standard normal distribution. Here,
AY) = o, 1Ig1000 and o; is a constant generated using the standard normal distribu-
tion (see Fig. 2b for 6 sample images). We assumed that noisy image C does not
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Ef N

(a)
Fig. 2 a Some randomly selected satellite images. b Noisy versions of a

(b)

Table1 Execution time, MSE, speedup, and percent difference between RCIMA and fast-RCIMA
methods

Cr RCIMA fast-RCIMA Speedup Percent
Time (s) MSE Time (s) MSE Difference
(%)
0.25 484.73 102.36 30.47 102.36 1591 93.71
0.5 454.70 38.72 32.75 38.72 13.88 92.80
0.75 426.31 20.23 3491 20.23 12.21 91.81
1 420.45 2.01 38.01 2.01 11.06 90.95

necessarily belong to C, but it is “similar” to one of them, i.e., there is C ) e C such
that
CY e arg min |CY —C|s <3,
cWeC ’

for a given 8 > 0. Finally, to compute the optimal matrix F € R8I000x81000 1 the
RCIMA problem in (3), we defined matrices X = [x(D x® .. x(®)] g R8100x2000
and C = [cV) ¢@ ... ¢®] g R8100x2000,

The compression ratio in RCIMA problem is given by ¢, = r/(mn). Table 1
presents the execution time, MSE, speedup and percent difference between RCIMA
and fast-RCIMA methods, for compression ratio ¢, € {0.25,0.5,0.75, 1}, i.e., r €
{2025, 4050, 6075, 8100}. Figure 3 shows the estimates of C using both algorithms.
Results in Table 1 suggest that fast-RCIMA method can obtain a nearly optimal
approximation of the RCIMA problem in less time. Moreover, last column of Table
1 shows that the fast-RCIMA method is 90% faster, approximately, than the RCIMA
method. Besides, Fig. 3 shows that the fast-RCIMA method compute optimal F in
(3) with the same accuracy as RCIMA method.
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(b) o | ' )

Fig. 3 Illustration to the estimation of noisy image C by RCIMA and fast-RCIMA methods. a
Source image X. b Noisy observed image C. c—d Estimation using the RCIMA and fast-RCIMA
methods, respectively, for ¢, = 0.25. e—f Estimation using the RCIMA and fast-RCIMA methods,
respectively, for ¢, = 0.5. g-h Estimation using the RCIMA and fast-RCIMA methods, respectively,
for ¢, = 0.75. i—j Estimation using the RCIMA and fast-RCIMA methods, respectively, for ¢, = 1

6 Conclusions

In this paper, we proposed in this paper a new and faster method for image decon-
volution, based on the RCIMA problem in (3), using training data as a substitute
for knowledge of a forward model. This new method, so-called the fast-RCIMA
method, is based on tensor product and Tikhonov’s regularization to approximate the
pseudoinverse, and bilateral random projections to estimate the low-rank approxi-
mation. Moreover, in Theorem 1 we present an alternative approach to compute the
low-rank matrix approximation. Based on the numerical simulations in Sect. 5, the
fast-RCIMA method reduces significantly the execution time to compute optimal
solution and increases the speedup, preserving the same accuracy of the classical
method to solve the RCIMA problem. Numerical simulation to filter a noisy image
in Sect. 5 demonstrates the advantages of the proposed method.
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1. Introduction

The low-rank approximation of X € R™*" is a well-studied minimization problem, where the goal is to approximate
X with a matrix X € R™", such that rank(X ) < r < min{m, n}, in the sense that ||X — X|| is small under some norm || - ||
This problem was proposed and solved in [1] by Eckart-Young in 1936, and is applied in a wide range of areas, such as
linear system identification, machine learning, recommender systems and natural language processing [2,3].

Sonderman [4] and Friedland and Torokhti [5,6] solved a generalization of the low-rank problem, so-called the
generalized low-rank matrix approximation (GLRMA). Given matrices A € RP*9, B € RP*™ and C € R™, the GLRMA
problem finds a matrix X € R**" such that

7 : _ 2
1A= BXCIy = min A~ BXCI, (1)
where R"*" denotes the set of all real m x n matrices of rank at most r < min{m, n} and || - || is the Frobenius norm.

In the literature, other low-rank matrix approximation problems related to (1) have been widely studied (see,
e.g., Section 1 in [7] for further details). Some of them are as follows:

e miny [|A — BXC||fr subject to rank(X) = r (see [8]);
e miny [|A — BXB*||j2,-r subject to rank(X) = r, where X is a Hermitian positive semidefinite matrix (see [9]);
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e miny ||A — BX||s, subject to rank(A; — BiX) = r (see [10]).
e miny rank(X) subject to |A — BXB||, being minimized, where X is a Hermitian positive semidefinite matrix (see [7]);

The GLRMA has been used successfully in many applications, such as, machine learning [11-13], matrix theory for
computing inverse matrices [14-16], signal and image processing [15,17-21] and statistics [6,20]. Moreover, this problem
is closely related to the mean-square error MSE = ||A — AB,C”)%r' where Ag ¢ = BXC.

In order to solve the GLRMA problem, it is necessary to use the singular value decomposition (SVD) to compute
pseudoinverses and low-rank approximations of specific matrices [4-6]. The SVD method is highly accurate, but becomes
impractical in the case of large matrices due to its computational complexity [22-24]. In particular, computing the SVD
of an m x n matrix requires O(min{m?n, mn?}) floating-points operations [25]. To reduce the elapsed-time computation,
several techniques in real-life applications use fast algorithms to compute pseudoinverses and low-rank matrix approx-
imations. Examples of these applications are neural learning algorithms [26-28], data mining methods [29], machine
learning techniques [30-32] and image processing algorithms in background modeling [33] and biomedicine [23].

This paper proposes a new and efficient method to compute a solution for the GLRMA problem (1), so-called the
fast-GLRMA method. The new method uses fast algorithms to approximate the pseudoinverse and low-rank matrix,
respectively. The fast pseudoinverse algorithm used in the fast-GLRMA technique utilizes a special type of tensor
product of two vectors [30] and Tikhonov’s regularization [31,34] (see Section 3.1 for further details). Additionally, a
bilateral random projection and its power-scheme modification [35,36] are used to estimate the low-rank approximation.
Moreover, we propose a generalization of the method developed in [36] to estimate the low-rank approximation, which
includes an analysis of the particular case rank(Y,) < r, where Y, € R™" is a right random projection (see Section 3.2
for further details), and the theoretical error analysis when rank(Y;) = r (see Theorem 5 for further details)._

The proposed method of estimating GLRMA significantly reduces execution time in computing matrix X in (1) and,
moreover, preserves the accuracy of the classical method developed in [5]. Finally, numerical simulations are presented
to illustrate the advantages of the fast-GLRMA method.

In this paper, we have chosen methods mentioned in [30,31] and [35,36] for their easy computational implementation
and high-speed and efficiency in calculating the pseudoinverse and low-rank approximation. However, other fast
algorithms also exist to estimate the pseudoinverse and low-rank approximation. A brief review of other relevant methods
is presented below:

e Fast methods for computing the pseudoinverse: Courrieu [26] presents an algorithm to approximate the pseudoinverse
based on reverse order law and a full-rank Cholesky factorization of singular symmetric positive matrices. Brand [37]
develops an identity for additive modifications of SVD, allowing for a fast solution for the pseudoinverse of a
submatrix of an orthogonal matrix. Telfer and Casasent [38] propose a method based on the matrix inversion lemma
to approximate a robust pseudoinverse. Benson and Frederickson [39] develop an efficient parallel implementation
to compute the pseudoinverse. Schulz [40] presents an iterative method to approximate the pseudoinverse based
on the classical Newton-Rapshon method. Other related works are presented in [32,41-44].

e Fast methods for computing the low-rank approximation: Deshpande and Vempala [45] combine adaptive sampling
and volume sampling to obtain a low-rank approximation. Kannan, Mahoney and others [46,47] present a set of
algorithms which compute the low-rank approximation based on the Monte Carlo method. Nguyen, Do and Tran [48]
propose a fast algorithm that first spreads out the information in every column of a given matrix, then randomly
selects some of the columns, and finally, generates the low-rank approximation based on the row space of the
selected sets. Achlioptas and McSherry [49] introduce a simple technique for accelerating the computation of a low-
rank approximation with a strong spectral structure, i.e., when the singular values of interest are significantly greater
than those of a random matrix with similar size and entries. Other related works are developed in [37,50-53].

The rest of the paper is structured as follows. Section 2 presents a solution for the GLRMA problem based on the SVD
method developed in [5]. Fast algorithms to estimate the pseudoinverse and low-rank approximation based on tensor
product and bilateral projections, respectively, are explained in Section 3. In Section 4, we propose the fast-GRLMA method
to approximate a solution to problem (1). Numerical examples based on random matrices and real-life applications are
presented in Section 5. Finally, Section 6 contains some concluding remarks.

1.1. Notation

Throughout this paper, we use the following notation: M’ denotes the pseudoinverse of M. I, € R™™ is the identity
matrix of order m. M(:, i) denotes the ith column of M. Moreover, if M € R™" and k < n, then M(:, 1 : k) = [M(:, 1)
M(:,2) ... M(:, k)] € R™=K,

Let D = UDEDVE be the singular value decomposition (SVD) of D € R™", where Up € R™™ and Vp € R™" are two
orthogonal matrices (i.e., UJUp = UpU} = I, and V] Vp = VpV] = I,), and Xp = diag(o1(D), ..., Omingm,n(D)) € R™"
is a generalized diagonal matrix with singular values o1(D) > 02(D) > - -+ > Omingm,n)(D) > 0 on the main diagonal. For
r < min{m, n}, the r-truncated SVD is defined by

r
IDI; =Y oD)upw] = Up, Zp, V5, € R™",
i=1
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where Up, € R™" and Vp , € R™" are formed with the first r columns of Up and Vp, respectively, and X » = diag(o1(D),
..., 0¢(D)) € R If k = rank(D), then Pp; € R™™ and Pp g € R™" are the orthogonal projection of D on the range of D
and D', respectively, where Pp; = DD' = Up U] , and Pp g = D'D = Vp V] .

2. GLRMA method

A solution for the GLRMA problem (1) was proposed and justified by Sonderman [4] and by Friedland and Torokhti [5].
Afterwards, Friedland and Torokhti showed in [6] that the solution for the GLRMA problem is not unique [5]. The following
theorem presents the solution for the GLRMA problem given in [5].

Theorem 1. Let A € RP*9, B € RP*™ and C € R"™*? be given matrices. Then, matrix
X = B'| Py APc z|,Ct = Bt |BBTACTC],Ct (2)
minimizes the problem (1).

The matrix M = Pg;APc g = BBTACTC in (1) is known as the kernel of the GLRMA problem. The associated imple-
mentation of Theorem 1 is presented in Algorithm 1. This implementation is so-called the GLRMA method.

Algorithm 1: GLRMA method

Input : A € RP, B e RP*™, C € R™Y, r < min{p, q}
Output: X € R™"

1 Bp = BJr
2 Cp = CT
3 M = BBpAC,C

4 [Uy, Sm, Vu] = svd(M)
5 X =By M|, Cp = ByUp1.rSm.rVy; .Cp

Remark 1. In steps 3 and 5 of Algorithm 1, we use the so-called MMTimes algorithm developed by B. Luong [54]. The
MMTimes algorithm considers the matrix chain ordering problem to find the most efficient way to multiply matrices (see,
e.g., [55, p. 370]).

3. Fast algorithms to compute pseudoinverses and low-rank approximations

The GLRMA method uses the SVD to compute pseudoinverses and low-rank approximations. However, the SVD method
is usually very expensive in terms of the execution time for high-dimensional matrices. Therefore, in this section, we
show two fast algorithms to compute pseudoinverse and low-rank approximations, respectively. The fast algorithm to
approximate the pseudoinverse uses a special type of tensor product of two particular vectors. The fast algorithm to
approximate a low-rank approximation uses the so-called bilateral random projections. These two algorithms will reduce
significantly the execution time to compute matrix X in (1) and, moreover, will preserve the same accuracy of the GLRMA
method.

3.1. Pseudoinverse and tensor product matrix

3.1.1. A brief review of pseudoinverse
The pseudoinverse of Z € R™*", denoted by Z' € R™™, is the unique matrix satisfying the following conditions:

Z'z=z, zizz'=2z', (2'z) =ziz, (zz") =zz'. (3)

If Z=U;X;V; is the SVD of Z and k = rank(Z), then Z' can be computed as follows:
71 = V2 2507, (4)
Eq. (4) is the standard procedure to calculate ZT. Table 1 shows the number of flops required to compute Z according

to the Golub-Reinsch SVD and R-SVD methods, when m > n [25].

3.1.2. Tensor product matrix method

Katsikis and Pappas [30] provide a very fast and reliable algorithm in order to compute the pseudoinverse of full-rank
matrices, which does not use the SVD method. These authors use a special type of tensor product of two vectors, that is
usually used in infinite dimensional Hilbert spaces. This type of tensor product gives conditions for the product of square

3
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Table 1

Number of flops to compute Zt, when m > n.
Method Flops
Golub-Reinsch SVD 4m?n + 8mn? 4 9n> 4 (2k — 1)(m + k)n
R-SVD 4m?n + 22n% + (2k — 1)(m + k)n

matrices so that equations in (3) are satisfied. The method proposed in [30] to compute the pseudoinverse of a full-rank
Z € R™" is defined by

T7\—-17T 3
t_ ) @272 ifm>=n
Z' = { ZTzzZ"y ' ifm<n (5)
Note that if Z is rank-deficient, then Z"Z (if m > n) and ZZ" (if m < n) are singular and, therefore, formula (5) is useless
to compute Z*. Lu et al. [31] extended the method in [30] for computing the pseudoinverse of rank-deficient matrices,
using an approximation of the Tikhonov's regularization in order to estimate Z (see, e.g., Theorem 4.3 in [34]). If Z is a
rank-deficient matrix, the method proposed in [31] to approximate Z' is defined by

(Z"Z +al,)"1ZT ifm=>n

ZNZZT + aly)™! ifm<n (6)

Zt~zp = {
where « is a positive number close to zero. Note that if x € R™ and y € R" are not null vectors, then x"(al, + ZZT)x =
allX3 + 1Z"x]13 > 0 and y"(aly, + Z"Z)y = allyll5 + 11Zyll? > 0. Thus, aly + ZZ" and al, + Z"Z are positive definite
and, accordingly, are invertible. Therefore, formula (6) is useful to approximate Z'. Moreover, from Theorem 4.3 in [34],
if « — 01in (6), then Zt = Zp.

The method to estimate the pseudoinverse given by (5)-(6) is so-called the tensor product matrix (TPM) method, and
its implementation is presented in Algorithm 2.

Algorithm 2: TPM method for computing pseudoinverse
Input :Z € R™"
Output: Zp € R™™
1 if Z is full-rank then
2 | ifm>n, thenZ, = (Z72)"'Z"
3 | ifm<n, then Z, = ZT(zZ7)!
4 else if Z is rank-deficient then
5 a €]0, 1]
if m > n, then Zp = (Z7Z + al,)"'Z7
if m < n, then Zp = Z7(ZZ" + al,)~!

6
7

If m > n and Z is a full-rank matrix, the number of flops to approximate the pseudoinverse with TPM method is shown
in Table 2. Here, we assume that the inverse (Z"Z)~" is computed using the LU decomposition with $n° + 3n? — 2n
flops [56]. The following two examples show the advantages of the TPM method to approximate the pseudoinverse.

Example 1. Let D € R™" be a full-rank matrix generated randomly from the standard uniform distribution. In Fig. 1,
diagrams of the number of flops to compute D' associated with the TPM, Golub-Reinsch SVD and R—SVD methods are
presented. The number of flops of these methods are based on Tables 1 and 2. Figs. 1(a) and 1(b) show diagrams of the
number of flops versus dimension m, when n = m and n = 7, respectively. It follows from Fig. 1 that the number of flops
associated with the TPM method is less than those of the other methods.

Example 2. In this example, we compare the execution time of the TPM method and the MATLAB command pinv to
compute the pseudoinverse. Command pinv uses the SVD given in (4) to compute the pseudoinverse [57]. Let D € R™*™
be a matrix generated randomly from the standard normal distribution, where rank(D) = % i.e, D is rank-deficient.
Diagrams of the time execution to compute D associated with TPM and command pinv versus dimension m are presented
in Fig. 2(a). We use o = 0.1. It follows from Fig. 2(a) that execution time associated with the TPM method is less than
that of the command pinv. Moreover, Fig. 2(b) shows that accuracy of both methods are almost the same.

Based on Examples 1 and 2, the TPM method is a better option to approximate the pseudoinverse, compared to the
classical method based on the SVD, given by (4).
Remark 2. The TPM method must calculate a matrix inverse in (5) and (6). To avoid this, there are iterative methods to
approximate the pseudoinverse which involve only basic matrix operations such as multiplications and sums. For example,

4
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Table 2
Estimates of the number of flops to compute Z with TPM method, when
m > n and Z is full-rank.

Steps Flops
1.72"z (2m — 1)n?
2.(Z'2)" 4nd 4 3~ Sn
3.(ZTz)y"1Z"7 (2n — 1)mn
Total an(24mn — 6m + 8n® + 3n — 5)
13 12
3 x10 6 %10
—TPM —TM
25" Golub-Rreinsch SVD 5 Golub-Reinsch SVD
——R-SVD

| |—R-svD //
4
0 /
. &3
/ o
1 2

0.5 1
— / —
0 0
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Dimension (m) Dimension (m)
(a) (b)

Fig. 1. Number of flops versus matrix dimension (m) used to execute the TPM, Golub-Reinsch SVD and R—SVD methods, for (a) n = m, (b) n = m/2.

-4
200 2510
——TPM (Dp)
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Fig. 2. (a) Execution time in seconds versus matrix dimension (m) used to run TPM method and command pinv. (b) Error versus matrix dimension
(m) of the TPM method.

the classical Schulz’s method [58] approximates Zt with the iterative expression
Xk = x®oop — zxWy, k=0,1,2,... (7)

where X(© = yZT and y €]0, 2/|/Z||2[. However, execution time of the Schulz’s method is greater than that of the TPM
method. For example, if D € R?%0%2000 5 3 fyll-rank random matrix generated from the standard uniform distribution,
then the Schulz’s method approximates D' in 354.80s, using 22 iterations such that | X*2)—D||s < 1073. The TPM method
computes D' in 0.5485s. Other iterative methods to approximate the pseudoinverse are developed in [41,43,44,59,60].

Finally, in Theorem 2 we present an error analysis of the TPM method for computing the pseudoinverse.

5
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Table 3 .

Number of flops to compute L., when m > n.
Method Flops
Golub-Reinsch SVD 4m’n + 8mn? 4+ 9n® 4+ (2r — 1)(m +r)n
R-SVD 4m?n +22n® + (2r — 1) (m+r)n

Theorem 2. Consider a matrix Z € R™",

1. If Z is a full-rank matrix, then formula given by (5) computes exactly Z1.
2. If Z is a rank-deficient matrix, then

lim 2" — Zp||sr = 0,
a—0
where Z, is given by (6).

Proof.

1. It is straightforward to check that formula given by (5) satisfies all four conditions in (3) and, therefore, represents
an acceptable pseudoinverse of Z. By the unicity of the pseudoinverse, we conclude that formula given by (5)
computes ZT.

2. See proof in the [34, Theorem 4.3]. O

3.2. Low-rank approximation and bilateral random projections

3.2.1. A brief review of low-rank approximation
Given L € R™" and r < min{m, n}, the low-rank approximation problem is a minimization problem where the goal
is to find L, € R™" such that

IL=Tol; = min | = L. (8)
T T

IfL= ULZ‘LVLT is the SVD of L, thenfr is given by the r-truncated SVD, i.e,:
Zr =[L]; = UL,rEL,rVZr (9)

Table 3 presents the number of flops required to compute’L\r based on the Golub-Reinsch SVD and R-SVD methods, when
m > n [25].

3.2.2. Bilateral random projection method
An alternative method to compute the low-rank approximation was developed by Fazel et al. in [35]. These authors
showed that a fast method to estimate L, is given by

L = Yy (AT Y)Yl (10)
where

Y, = LA, (11)

Y, =L"A, (12)

are r-bilateral random projections (BRP) of L. Here, A; € R™" and A, € R™*" are arbitrary full-rank matrices. The matrices
Y: and Y, are called the left and right random projections of L, respectively. Comparing with the randomized SVD in [53],
that extracts the column space from unilateral random projections, the BRP method estimates both column and row
spaces from bilateral random projections [36]. N

If L is a dense matrix, the number of flops to compute L, is r%(2n + r) + mnr, which is much less than that of the SVD
based approximation [36]. However, if the singular values of L decay gradually, then the accuracy of (10) may be lost.
To solve this problem, Zhou and Tao [36] propose a power-scheme to improve the approximation precision, when Ang
is nonsingular. In this paper, we extend the method presented in [36] for computing the low-rank matrix, when A;Yl
is singular. For this, we consider a power-scheme given by the left and right random projection of X = (LLT)°L and L,
respectively, i.e.,

Y: = XA; = (LLT)°LA, (13)
Y, =L"A,, (14)

where c is a nonnegative integer and A; € R™", A, € R™" are arbitrary full-rank matrices. This power-scheme is useful
because (LLT)°LA; has the same singular vectors as LA;, while its singular values decay more rapidly [53]. Besides, note

6



J. Chavarria-Molina, ].J. Fallas-Monge and P. Soto-Quiros Journal of Computational and Applied Mathematics 401 (2022) 113763

that the left random projection Y; in (13) can be represented as Y; = LA;, where A; = LT(LLT)*"1A;, i.e, Eq.(13)isa
particular case of (11).
Theorem 3 shows a new alternative to estimate a low-rank approximation of L, using a particular choice of A,.

Theorem 3. Consider the left and right random projections given by (13)-(14), respectively, where A; € R™ " is a arbitrary
full-rank matrix and A, = L(LTL)*~'A;. Then, the estimation of the low-rank approximation of L in (10) can be simplified to

I = LY,Y]. (15)
Proof. Note that (LLT)°L = L(LTL)* and, therefore, the left projection in (13) can be expressed as Y; = LY. Furthermore,
from Proposition 3.2 in [34], we have (YY) YI = Y{. Then,

T T

L =Y (A}Y1)" Y,

.
=LY, [(L(LTL)HAl)T LYZ] v

T T
=LY, |:((LTL)CA1> Yz] y!
T
=LY, [V, Y2]' Y,
=1Lv,Y,. O
If Y; is full-rank, then the formula (15) can be simplified. Theorem 4 presents an alternative method to estimate a

low-rank approximation of L, when rank(Y,) =r.

Theorem 4. Consider the left and right random projections given by (13)-(14), respectively, where A; € R™" is an arbitrary
full-rank matrix and Ay = L(LTL)*"'A;. If Y, is a full-rank matrix, then, the estimation of the low-rank approximation of L in
(10) can be simplified to

L =1Q:Q . (16)
where Y, = QR is the QR decomposition of Y, and Q- = Q(:, 1 : ).
Proof. If Y, = QR is the QR decomposition of Y5, it follows from Theorem 5.2.2 in [25] that Y, = Q,R;, where R, € R™*"

is an upper triangular matrix formed with the first r rows of R and Q = Q(:, 1 : r) € R™". Matrix R, is nonsingular,
because Y, is full-rank. Moreover, [Rer]T = [R,TRr]_1 and Q7 Q, = I.. Then, it follows from Theorem 3 that

I, = LYyY]

= 1%, [V]V,]' V]

= LQR: [(QR) QR (QR)

= LQR [R1Q/QR]'RTQ]

- 10k [FR] RG]

= LQ(RR IR 'RTIQ]

=1Q,Q'. O
Remark 3. If Y is rank-deficient, then rank(Y,) < r. Note that Y, = LTA, = (LTL)°A;. Moreover, rank((LTL)°) = rank(L),
because if L = U, X, V] is the SVD of L, then (LL)* = V; £2V/] is the SVD of (L"L)" and, therefore, L and (L"L)* have the same

number of positive singular values. From Corollary 2.5.10 in [61], we obtain that rank(Y,) < min{rank((LTL)), rank(A;)} =
min{rank(L), r}, and therefore

rank(Y>) < min{rank(L), r}.

If rank(L) < r, then L € R™*" and, therefore, Zr = L. Otherwise, if r < rank(L), then Zr can be computed by (15) using the
TPM method explained in Section 3.1.2, i.e.

L = LYo (Y] Yy + al,) Y], (17)

where « is a positive number close to zero. However, if A; is generated randomly, then the case rank(Y,) < r is unusual.
For example, each numerical simulation in Section 5 generates a full-rank matrix Y.

The method to estimate the low-rank approximation of L, given by Theorems 3, 4 and Remark 3, is so-called the
modified bilateral random projections (MBRP) method. The pseudocode of the MBRP method is presented in Algorithm 3.

7
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Fig. 3. MSE versus a rank constraint r via the MBRP method and the SVD approach. (a) m = 100 and n = 150, (b) m = 2000 and n = 1500.

Note that bilateral random projections Y; = LA; and Y, = L"A, = (L"L)°A; can be computed efficiently using a loop in
steps 1-4 of Algorithm 3.

Algorithm 3: MBRP method for computing the low-rank approximation

Input : L e R™", r <min{m,n},A; e R"™" and c € {1,2,3,...}
Output: L, € RT™"

1 Yz = A]
2fori=1:cdo

3 Yl = LYZ

4 L Y, =LY,

5 if Y, is full-rank then

6 | [Q,~]=aqr(Y2)

7 Q =Q(,1:1)

s | I =1Q.Qf

9 else if rank(L) < r then
10 ‘ Zr =1L

11 else

12 o €]0, 1]

13 L L = LYo(Y]Ys + al,) Y]

The power-scheme is useful to improve accuracy of the estimation of the low-rank approximation. However, if MBRP
method is executed in floating-point arithmetic and c is a large number, then all information associated with singular
values smaller than p!'/?¢*V||L|| is lost, where u is the machine precision [53]. Therefore, it is recommended to take a
small value for c. Example 3 illustrates the above case.

Example 3. Let L € R™" be an arbitrary matrix generated from the standard normal distribution. We apply the MBRP
method for different values of ¢ to obtain estimations with rank from 1 to min{m, n}. Fig. 3(a) and 3(b) show diagrams
of the MSE versus a rank constraint r, for (m, n) = (100, 150) and (m, n) = (1000, 1500), respectively. The MSE of the
corresponding SVD approximation is shown as a baseline. It is clear that the MBRP method can obtain a nearly optimal
approximation when ¢ = 2 or ¢ = 3. However, in this example, if c is large, then accuracy of the MBRP method is not
good enough.

Remark 4. Numerical simulations in this section and Section 5 are computed using ¢ = 3 on the power-scheme of the
MBRP method.

If m > n, c =3 and Y, is a full-rank matrix, then the number of flops to estimate the low-rank approximation with
MBRP method consists of computation of Y, = (LT£)3A1, QR decomposition of Y, and matrix multiplication LQ,Qf. Table 4
shows the number of flops required to compute L,, when m > n, ¢ = 3 and Y, is a full-rank matrix. Here, we assume

8
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Table 4
Estimates of the number of flops to compute Zr with MBRP method, when m > n,
¢ =3 and Y, is full-rank.

Steps Flops
1. Yy 3(4mnr — mr — nr)
2.[Q, ~]=qr(Y?) am?r — 4mr? + 413
3. 1Q:Q] 4mnr — mr — mn
Total 4m?r 4+ 16mnr — mn — 4mr? — 4mr — 3nr + 413
3 x10"3 %102
——MBRP
25h Golub-Reinsch SVD 5

2 l——r-svD / /
2 4

g //
o015

[T

Flops
w

0.5 / 1 //

0 2000 4000 6000 8000 10000 2000 4000 6000 8000 10000
Dimension (m) Dimension (m)
(a) (b)

Fig. 4. Number of flops versus matrix dimension (m) used to execute the MBRP, Golub-Reinsch SVD and R—SVD methods for (a) n =m and r = %,

(b)n=7%F and r = §.

that the QR decomposition is computed using the Householder algorithm,! which requires 4m?r — 4mr? + §r3 flops [25].
Besides, Y, is optimally computed using a loop, as it is shown in steps 1-4 of Algorithm 3. Examples 4 and 5 illustrate
the advantages of the proposed MBRP method to estimate the low-rank approximation.

Example 4. Let L € R™" be a full-rank matrix generated randomly from the standard normal distribution. In Fig. 4,
diagrams of the number of flops to estimate L, associated with the MBRP (when Y, is full-rank), Golub-Reinsch SVD and
R—SVD methods, are presented. The number of flops of these methods are based on Tables 3 and 4. Figs. 4 shows the

cases of the number of flops versus the dimension m. Figs. 4(a) shows the casen = mandr = % Fig. 4(b) show the cases
n= % and r = %, It follows from diagrams on Fig. 4 that the number of flops associated with the MBRP method is less

than those of the other methods.

Example 5. In this example, we compare the execution time of the MBRP method versus the execution time of the r-
truncated SVD, which is used by MATLAB to compute the low-rank approximation of a matrix. Let L € R™ " be a matrix
generated randomly from the standard uniform distribution, where n = % and r = % Fig. 5(a) presents diagrams of the
time execution to compute the low-rank approximation associated with MBRP method and the r-truncated SVD, versus
the dimension m. It follows from Fig. 5(a) that execution time associated with the TPM method is less than that of the

r-truncated SVD. Furthermore, Fig. 5(b) shows that accuracy of both methods are almost the same.

Finally, in Theorem 5, we present an error analysis of the TPM method for computing the pseudoinverse, when
r = rank(Y>).

Theorem 5. Let L, € R™<" be the low-rank matrix approximation of L € R™", If r = rank(Y;), a = Zf:fﬂ'") o?(L) and
B = (n—r)ol, (L) then

L —fr||fr € [max{0, « — B}, & + B1.

Proof. See proof in Appendix. O

1 The Householder algorithm is used by the function qr in MATLAB.
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Fig. 5. (a) Execution time in seconds versus matrix dimension (m), used by the MBRP method and the r-truncated SVD. (b) MSE of MBRP method
and r-truncated SVD.

4. Fast-GLRMA method

In this section, we propose a new implementation to compute a solution for the GLRMA problem on the basis of the
TPM and the MBRP methods explained in Sections 3.1 and 3.2, respectively. A block diagram of this new implementation,
called the fast-GLRMA method, is presented in Fig. 6, which is explained next: Given matrices A, B, C, first, we compute
pseudoinverses Bp and Cp of B and C, respectively, using the TPM method. Afterwards, we compute the kernel matrix
M = BBpACpC and estimate its low-rank approximation M, using the MBRP method. Finally, we approximate the GLRMA
solution X = BpM, Cp. W.Lg, the associate pseudocode of the fast-GLRMA method is shown in Algorithm 4 whenp > m > ¢
and the right random projection Y, is full-rank. In addition to this, the power-scheme uses ¢ = 3.

Algorithm 4: Fast-GLRMA method

Input : A € RP*9, B e RP*™, C € R™9, r < min{p, q}, A; € R™", & €]0, 1[
Output: X € R"™"
/* Computing the pseudoinverse of B with the TPM Method x/
if B is full-rank then
| Bp =(B"B)"'B"
else if B is rank-deficient then
| Bp=(B"B+ alp) 'BT
/* Computing the pseudoinverse of C with the TPM Method */
if C is full-rank then
| G =(cTo)'cT
else if C is rank-deficient then
| G =(CTC+aly)'C”
/* Computing the kernel matrix M x/
9 M = BBpACpC
/* Computing the low-rank Matrix approximation of M with the MBRP method */

10 Y2 = A]
n fori=1:3do
12 Y: = MY,
13 L Y, = MY,

14 [Q, ~] = qr(Y3)
15Q =0Q(:;1:r)
16 M, = MQ,Q/
/* Computing the generalized low-rank matrix approximation x/
17 ? = BerCp

AW N =

0 N un

Remark 5. Similarly to the GLRMA algorithm, we used the MMTimes method in steps 9, 16 and 17 in Algorithm 4 (see
Remark 1).

10
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M = BBpAC»C X = BpM,.Cp

Step 0:  Step 1: Step 2: Step 3: Step 4:
Initial TPM Kernel Matrix MBRP GLRMA Solution
Matrices Method Method

Fig. 6. Block diagram of the fast-GLRMA method.

Remark 6. As mentioned in Remark 2, matrices Bp and Cp computed in steps 1-4 and 5-8, respectively, can be
approximated using a iterative method to avoid calculation of inverse matrices, for example, the Newton-Schulz method
defined in (7).

5. Numerical examples

In this section, we show numerically the advantages of the proposed fast-GLRMA method. The numerical examples
were run on a desktop computer with 2.30 GHz processor (Intel(R) Core(TM) i7-4712MQ CPU) and 8.00 RAM.

The computational performance analysis of the fast-GLRMA method is evaluated using the metrics speedup and percent
difference [62, p. 27]. Consider two methods that solve the same numerical problem, Method 1 and Method 2, with
execution times T; and T,, respectively. The speedup S (or acceleration) is the ratio between the execution times of both
methods, i.e.

T
S=2.
Ty
If Method 1 is an improvement of Method 2, then S will be greater than 1. However, if Method 1 hurts performance,
speedup will be less than 1. The percent difference P between Method 1 and Method 2, where T; < T, is represented by

T, — T
P=100< 2 ‘)
T,

Then, we say that Method 1 is P% faster than Method 2.

5.1. Hllustrative example 1: random matrices

We first evaluate the efficiency of the fast-GLRMA method to approximate the solution for the GLRMA problem (1)
using random matrices. We consider full-rank matrices A € RP*?, B € RP*™ and C € R™1 generated from a uni-
form distribution with zero-mean and standard deviation 1. Here,n = m, p = 2m, q = % where m € {200, 400, 600, ...,
9600, 9800, 10000}.

Fig. 7 shows some diagrams of numerical simulations with r = %. Fig. 7(a) represents typical diagrams of the
matrix dimension m versus execution time (in seconds) used to execute the GLRMA and the fast-GLRMA methods. It
is observed that there is significant reduction in execution time of the fast-GLRMA method. Moreover, Fig. 7(b) shows
that accuracy of both methods are the same. Figs. 7(c) and 7(d) represent speedup and percent difference between both
methods. In particular, it is observed in Fig. 7(c) that acceleration is greater than 1, and thus, the fast-GLRMA method is
an improvement of the GLRMA method. Moreover, Fig. 7(d) shows that the fast-GLRMA method is 65%-85% faster than
the GLRMA method, approximately.

Therefore, this example illustrates that the fast-GLRMA method is faster than the GLRMA method and preserves the
same accuracy.

5.2. lllustrative example 2: generalized low-rank approximation of the left inverse

In this example, we compute a generalized low-rank approximation inverse of D € R"™ [14,15]. In particular, we
consider the generalized low-rank approximation of the left inverse (GLRA-LI) of D, i.e., find matrix X € R{*" such that

Itq = XDIMI7 + BIIXII; = min |1l — XDMII5. + BIX 5. (18)
XeRy

11
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Fig. 7. Diagrams of the GLRMA and the fast-GLRMA methods. The matrix dimension m versus: (a) execution time (in seconds) (b) MSE (c) speedup
S (d) percent difference between the fast-GLRMA and the GLRMA method.

where M € R?%*? is an invertible weighting matrix and 8 > 0. Problem (18) is used for computing solutions to ill-posed
inverse problems in signal and image processing [15,17]. Here, we study the particular case 8 =0, i.e.,

g = XD)MI[ = min (I, — XD)M|[7. (19)
Xerd*"

If we take A = M, B = I; and C = DM, the problem (19) can be written as the GLRMA problem. In our numerical
simulations, we consider full-rank matrices D and M of dimension n = ¢. Each matrix is generated from a Gaussian
distribution with zero-mean and standard deviation 1. Here, M is a diagonal matrix.2 Tables 5 and 6 present execution
time, MSE, speedup and percent difference between GLRMA and fast-GLRMA methods to compute the GLRA-LI of D.

In Table 5, we consider n € {100, 500, 1000, 2500, 5000, 7500, 10000} and r = m/2. It is clear that the fast-GLRMA
method achieves the same accuracy as the GLRMA method, in significantly less time. Moreover, last two columns of
Table 5 show that speedup and percent difference of the fast-GLRMA method to approximate the GLRA-LI increase as
dimension n increases. Thus, we conclude that the fast-GLRMA method is between 45% to 90% faster than the GRLMA
method. In Table 6, we use different valued of rank r when n € {2500, 5000}. Similar to Table 5, results in Table 6 suggest
that the proposed method can obtain a nearly optimal approximation of the GLRA-LI in less time. Therefore, it follows
from Tables 5 and 6 that the fast-GLRMA method is the fastest method and compute the GLRA-LI of D, with the same
accuracy as the GRLMA method.

5.3. Illustrative example 3: image denoising

This example illustrates an application of the GLRMA problem to image denoising [15,17,19]. Specifically, we apply
GLRMA and fast-GLRMA methods to the problem of compression, filtering and decompression of a noisy image C € R%0*%
on the basis of the set of training images A = {A“), . .,A(S)}, where A e R%%% forj = 1,...,s. Our training set A
consists of s = 2000 different satellite images from Saturn (see Fig. 8(a) for 9 sample images). Images in .A were taken
from the NASA Solar System Exploration Database [63].

2 As mentioned in [14], the weight matrix M allows to emphasize some terms in the Frobenius norm over others. In particular, a diagonal M
can be used to downweight columns of C that have more uncertainty than others.
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Table 5
Execution time, MSE, speedup and percent difference between the GLRMA and the fast-GLRMA methods,
using r = m/2.

n GLRMA fast-GLRMA Speedup P_ercent
Time (s) MSE Time (s) MSE difference (%)
100 0.0100 7.0711 0.0054 7.0711 1.8329 45.4414
500 0.1831 15.8114 0.0511 15.8114 3.5838 72.0966
1000 1.1566 22.3607 0.3640 22.3607 3.1771 68.5246
2500 31.2303 35.3553 4.4705 35.3553 6.9859 85.6854
5000 222.1110 50.0000 28.0227 50.0000 7.9261 87.3834
7500 719.4189 61.2372 95.7267 61.2372 7.5153 86.6939
10000 2484.4010 70.7107 245.3393 70.7107 10.1264 90.1248
Table 6
Execution time, MSE, speedup and percent difference between the GLRMA and the fast-GLRMA methods.
" . GLRMA fast-GLRMA Speedup P_ercent
Time (s) MSE Time (s) MSE difference (%)
50 31.2373 49.4975 2.9068 49.4975 10.7771 90.7211
250 31.3206 47.4342 3.1143 47.4342 10.0570 90.0567
500 31.3579 44.7214 3.2841 447214 9.5485 89.5272
2500 1000 31.3723 38.7298 4.1107 38.7298 7.6318 86.8969
1500 32.0511 31.6228 45128 31.6228 7.1023 85.9200
2000 31.9452 22.3607 4.9886 22.3607 6.4037 84.3839
2500 32.2264 0.0000 5.7610 0.0000 5.5939 82.1234
100 223.1532 70.0000 20.0127 70.0000 11.1506 91.0319
500 220.8744 67.0820 22.5967 67.0820 9.7746 89.7694
1000 220.7926 63.2456 23.7203 63.2456 9.3082 89.2568
1500 223.4235 59.1608 25.8941 59.1608 8.6283 88.4103
5000 2000 222.0916 54,7723 28.3236 54.7723 7.8412 87.2469
2500 223.2146 50.0000 30.5241 50.0000 7.3127 86.3252
3000 223.3798 447214 32.9344 447214 6.7826 85.2563
3500 225.4612 38.7298 35.2550 38.7298 6.3952 84.3632
4000 224.3768 31.6228 39.6265 31.6228 5.6623 82.3393
4500 225.8606 22.3607 39.9624 22.3607 5.6518 82.3066
5000 227.0217 0.0000 42.3396 0.0000 5.3619 81.3500

Fig. 8. (a) Some randomly selected images of Saturn. (b) Noisy versions of images in (a).

It is assumed that instead of images in .4, we observed their noisy version C = {C(U, e C(S)}, where CU) € R90%90 for
j=1,...,s. Each CY¥ is simulated as CU) = AU) 4+0.2NU), where NO) € R%*% js a random matrix generated from a normal
distribution with zero-mean and standard deviation 1. For each image AV, matrix NO simulates noise. (see Fig. 8(b) for
9 sample images). It is assumed that noisy image C does not necessarily belong to C, but it is “similar” to one of them,
i.e., there is C% € ¢ such that

¥ e arg min IC? —Cllr and ||CY —Cllp < 8,
i=1,...,s

for a given § > 0.
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Fig. 9. Bar graphs of GLRMA and fast-GLRMA methods. Compression ratio ¢, versus: (a) execution time (in seconds) (b) MSE (c) SSIM (d) speedup
S (e) percent difference between fast-GLRMA and GLRMA methods.

~We will formulate the problem under consideration in terms of the GRLM problem. To this end, we vectorize matrices
AV and €Y, i.e., convert each matrix into a column vector by stacking the columns of the matrix. Let vect : R™" — R™ be

the vectorization transform. We write a; = vec(A?) € R¥'% and ¢; = vec(C?) € R®'%. Then, matricesA = [a; a; ... a;] €
RB8100>x2000 C = [c ¢, ... ¢;] € R8100>2000 apd B = [gy49 are the matrices to use in the GRLM problem to find a matrix X,
i.e,, find matrix X € R8100x8100 gyych that

A—XC|2 = min A—XC|.

I ”fr XeR8100x8100 I ”fr (20)

From steps 16 and 17 in Algorithm 4, X = MQ,Q/C,r = Dc, where ¢ = QICp is the linear operator designed
for compression and P = MQ; is the linear operator designated for decompression [18]. Both linear operators filter a
vectorized version of the noisy image C.

The compression ratio in problem (20) is given by ¢, = r/min{p, q}. Fig. 9 presents the execution time, MSE, structural
similarity index> (SSIM), speedup and percent difference between GLRMA and fast-GLRMA methods, for compression ratio
¢ € {0.25,0.5,0.75, 1}, i.e,, r € {2025, 4050, 6075, 8100}. In Fig. 10, we show the estimates of C using both algorithms.
The numerical results obtained in Figs. 9 and 10 clearly demonstrate the advantages of the proposed algorithm. Similar
to previous examples in Sections 5.1 and 5.2 , both methods achieve the same MSE, but the execution time associated
with the fast-GLRMA method is faster than that of the GRLMA method.

6. Conclusions

In this paper, we proposed a new faster method to compute a solution for the GLRMA problem, so-called the fast-
GLRMA method. This new technique is based on tensor product and Tikhonov’s regularization to approximate the
pseudoinverse, and bilateral random projections to estimate, in turn, the low-rank approximation.

Additionally, we presented an alternative approach in Theorems 3 and 4 to compute the low-rank matrix approxima-
tion, using partial information of an orthogonal basis of the full-rank random projection Y,. This alternative method is
so-called the modified bilateral random projections (MBRP) method. Also, in Theorem 5, we presented a theoretical error
analysis of the MBRP method when rank(Y;) =r.

The fast-GLRMA method significantly reduces the execution time in computing the optimal solution and increases
speedup, preserving the accuracy of the classical method to solve the GLRMA. The theoretical development and numerical
examples in this paper demonstrate the advantages of the proposed fast-GLRMA method.

3 The structural similarity (SSIM) index is a method for predicting the perceived quality of digital images and videos. The resultant SSIM index
is a decimal value between —1 and 1, and value 1 is only reachable in the case of two identical sets of data. More details are available in [64].
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(b)

Fig. 10. Illustration of the estimation of noisy image C by GLRMA and fast-GLRMA methods. (a) Source image. (b) Noisy observed image C. (c)-(d)
Estimation using the GLRMA and fast-GLRMA methods, respectively, for ¢, = 0.25. (e)-(f) Estimation using the GLRMA and fast-GLRMA methods,
respectively, for ¢, = 0.5. (g)-(h) Estimation using the GLRMA and fast-GLRMA methods, respectively, for ¢, = 0.75. (i)-(j) Estimation using the
GLRMA and fast-GLRMA methods, respectively, for ¢, = 1.
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Appendix

The following propositions will be used in the proof of Theorem 5.

Proposition 1 (Fact 9.9.10 in [61]). If A € R™" and B € R™Y, then ||AB||j%r < cr,fmx(A)HBHJ%r, where 02,,(A) is the largest
singular value of A.

Proposition 2 (Fact 6.1.6 in [61]). If A € R™P, then AA' is a symmetric projector onto R(A). Moreover, if rank(A) = r, then
rank(l, —AA") =n —r.

Proposition 3 (Theorem E.3.2.0.1 in [65]). If P € R™*" is a symmetric projector, then ||I, — P||f2r = rank(I, — P).
Proposition 4. If A € R™" and rank(A) = r, then ||I,, — AAT||fr =n-—r.
Proof. It follows from Propositions 2 and 3. O

Proposition 5. Let L, € R™" be the low-rank approximation matrix of L € R™", Letzr = LYZYZJr be the estimation of L, given
by Theorem 3. If r = rank(Y), then ||L — Lr||fr <o? (L)(n—r).

max

Proof. It follows from Propositions 1 and 4 that
IL—T 2 = IL—LY,Y] 2

1L = Y2Y))I

02Dy — V2 Y] |12

= op(n—1) O

IA
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The proof of Theorem 5 is given below.

Proof. It follows from the triangle inequality that

MLy = Tl = (L — L)+ (L = LIE < IL—LeliZ + 1L —Tol2 (21)
and

IL—Lellf = IL = L) + (L — LG < IL—Tell7 + 1L — Lell3- (22)
From (22), we obtain that

IL=Lellf = NL=Tellf < L = LIl (23)
It is a well known fact that |L — L[|} = Zg?ﬂ"’ o?(L) (see, e.g., [1]). Let us define o = Z?;';'J{r”;"} of(L) and B =
arfmx(L)(n —r). It follows from Proposition 5 and Eqs. (21) and (23) that

a—B <=L} <a+8. (24)
Finally, it follows from Eq. (24) and the fact that 0 < ||L, —Zr||f, that

ILy — L% € [max{0, « — B}, + B]. O
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ERROR ANALYSIS OF THE GENERALIZED LOW-RANK MATRIX
APPROXIMATION*
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Abstract. In this paper, we propose an error analysis of the generalized low-rank approximation, which is a generalization
of the classical approximation of a matrix A € R™*"™ by a matrix of a rank at most r, where r < min{m,n}.

Key words. Generalized low-rank approximation, Frobenius norm, SVD, Pseudoinverse, Error analysis.
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1. Introduction. Throughout this paper, we adopt the following notation: R**™ denotes the set of
all real m x n matrices of rank at most r, where r < min{m, n}, i.e., A € R"*" if and only if rank(A4) < r.
I € R™™ and 0,,x, € R™*™ are the identity matrix of order m and the null m x n matrix, respectively.
M, tr{M}, | M| and N(M) denote the pseudoinvserse, the trace, the Frobenius norm and the null space
of M, respectively. Furthermore, N'/? is the square root of N € R™*™ ie., N = NY/2N'/2,

Let D = UpXpV} be the singular value decomposition (SVD) of D € R™*" where Up € R™*™ and
Vp € R™ ™ are two orthogonal matrices, and ¥p = diag(o1(D), ..., Omin(mn) (D)) € R™*™ is a generalized
diagonal matrix with singular values o1(D) > 02(D) > ... > Opmin(m,n)(D) > 0 on the main diagonal. The
r-truncated SVD is defined by

T
D, =Y oi(D)uw! =Up,Sp,VH, € R™",
=1

where Up, € R™*" and Vp, € R™" are formed with the first r columns of Up and Vp, respectively,
and Xp, = diag(o1(D),...,0.(D)) € R™*". If k = rank(D), then Pp € R™*™ and Pp r € R™*™ are the
orthogonal projections of D on the range of D and DT, respectively, where Pp 1, = DD = UD,kUch and
Ppr=D'D= VDJCVg,k.

A generalization of the low-rank approximation was proposed in [2, 3, 4]. Given matrices A € RP*9
B e RP*™ and C' € R™*4, and rank r < min{m,n}, the generalized low-rank approximation finds a matrix
X, € R"*™ such that

& . 2
(1.1) |A - BX,.C|* = min  [|[A - BXC||
XER?

Note that if B and C are identity matrices, the problem (1.1) is the well-known low-rank approximation
problem proposed by Eckart and Young [1]. The problem in (1.1) was studied in [2, 3, 4] by Sonderman,
Friedland and Torokthi, respectively. The following theorem presents the solution of the generalized low-rank
approximation given in [3].
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THEOREM 1.1. Let A € RP*?, B € RP*™ qgnd C € R"¥9, and let M = UMZMVAE be the SVD of
M =P APcr = BBYACTC. Then matriz

(1.2) X, = BY\M|,C" = BtUy 201, Vi, CF,
minimizes the problem (1.1). This solution is unique if and only if either
r > rank(M),

or
1 <r<rank(M) and o.(M)> op41(M).

In this paper, we present an error analysis for the solution of the problem (1.1). The main result of this
paper is presented below, in Theorem 3.1. In the related work, for the same problem, in [5, Theorem 3.2]

~

Wang presented an error analysis for the specific case of rank(X,) = r. In this paper, we extend the analysis

~

to the case rank(X,) <r. The formula for the error in [5, Theorem 3.2] is different from that in Theorem
3.1

2. Preliminaries. In this section, we present some preliminary results that will be used in the next
section to study the error associated with the solution of the problem (1.1).

LEMMA 2.1 (Theorem 2.8 in [6]). If A € R™*™ and B € R"*™, then AB and BA have the same
nonzero eigenvalues, counting multiplicity.

LEMMA 2.2 (Propositions 3.1 and 3.2 in [7]). A" = AT(ANTAT = AV ANTAT = (ATA)TAT, for all
A e R™x™,

LEMMA 2.3 (Lemma 2.4.1 in [8]). Let A € R™*" and B € RP*™. Then N(A) C N(BA).

LEMMA 2.4 (Lemma 23 in [9] - Fact 2 in [10]). For any M € R™*", N € RP*"™ and S € R™**, the
following statements hold.

(a) If N(M) C N(N), then NMTM = N.

(b) If N(MT) C N(ST), then MMTS = S.

LEMMA 2.5. Let M € R™*"™ and r < min{m,n}. Then N (M) C N(|M],).

Proof. Without loss of generality, we assume m < n. Let M = UpyXy Vi, be the SVD of M. If

r € N(M), then Mz = 0,1, and therefore, ¥, Viiz = 0,1, because Uy is an orthogonal matrix. If
S, = diag(o1 (M), ...,0.(M),0,...,0) € R™*" then

I’r‘ 0 m—r
ZMVJ\I/;J} = 0n><1 = |: kex :| EMVAT/;JJ = 0n><1

Om—TXT Om—TXm—T
Sl T
= XMVt = Onxi
= T
= UMZM,TVM:C = 0n><1.

Note that

min{m,n}

UnSa,Vap = Y. oi(Mup] =Y oi(Muw! = | M],.
=1

=1

Finally, | M |, = O0y,x1. Thus, z € N(|M],). O
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LEMMA 2.6. If M € R™*"™ S € R"* gnd R € R**™, then the following statements hold.

(a) |RM| MM = |RM],.
(b) SST|SR], = |SR],.

Proof. We consider (a). It follows from Lemma 2.3 that A (M) C N (RM). By Lemma 2.5, we obtain
N(RM) C N(|RM],), and therefore, N (M) C N(|RM],). As a result, (a) follows from Lemma 2.4. The
proof of (b) is similar to the proof of (a). |

3. Main Result.

THEOREM 3.1. Let A € RP*?, B € RP*™ (' € R"*? and r < min{m,n}. The error of the solution of
the problem (1.1) is given by

(3.3) min_ A - BXC|? = |42 = S A (D),
XeRyX™ i=1

where T = BTACTC AT B € R™*™ and \;(T) is the i—th eigenvalue of T with A\1(T) > Ao(T) > ... > A (T).
Proof. Tt follows from the identity ||D||> = tr{DD7T} and the linearity of the trace operator that

(3-4) 1A = BXC|* = |A|* — IM|* + | M — (BT B)'*X (CCT)' 2|2,

where M = (BT B)'/?1 BT ACT (CC™)'/?f. Note that ||M — (BT B)'/2X(CCT)'/2|]? is the only term in (3.4)
that depends on X. Therefore, problem (1.1) is equivalent to

(3.5) min ||M — (BTB)'\/2x(CCT)'/? |2
XeRpxn

Based on Theorem 1.1, the solution of the problem (3.5) is given by
(3.6) X, = (B"B)'! | Pigrpy1/2 L MP ey g), (CCT)V?,

Note that (BT B)/?f and (CCT)/?! are symmetric matrices. Therefore, it follows from Lemma 2.2 that

(3.7) Piprpye (BT B)Y?T = (BT B)Y*(B” B)Y/*1(BT B)'/*" = (BT B)"/*",
and
(3.8) (CCTYV2 P ogryie g = (CCT)HY2(CCT)Y2(CCT)V2 = (O™,

Further, (3.7) and (3.8) imply
LP(BTB)l/Q,LMP(CCT)1/2,RJT == LP(BTB)1/2’L(BTB)1/2TBTACT(COT)1/2TP(CcT)1/2’RJ7-
_ L(BTB)l/ZTBTACT(CCT>1/2TJT
(3.9) =|M],.

It follows from (3.6) and (3.9) that X, = (BT B)Y/2t | M| _(CCT)'/2t. On the basis of Lemma 2.6, we obtain
that

(3.10) (BTB>1/2)’€T(CCT)1/2 — (BTB)1/2(BTB)1/2T I_MJr (CCT)l/QT(CCT)1/2 — \_MJ

e
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By equations (3.4) and (3.10) and the facts that [|[M||?> = tr{MM*} =37 N\;(MM?™) and | - || is unitary
invariant [6], we obtain the following identity

min |4~ BXC|? = | A*  [M? + |M — (BTB)'2%,(CCT) /2|

X eRPX1
= [lAIZ = | M|* + | M — [M],|?
= AP =D MMM+ > A(MMT)
i=1 1=r+1
(3.11) = [AI* =Y x(MMT),
=1

Note that MMT = (BT B)'/?t BT ACTC AT B(BT B)'/?. From Lemmas 2.1 and 2.2, we obtain that
(3.12) Ni(MMT) = \(BTACTCAT B),
for all i =1, ...,m. Finally, (3.3) follows from (3.11) and (3.12). o

4. Advantage and Numerical Example. The error formula given by (3.3) is useful for choosing an
optimal value for the rank r, before computing the matrix )/(\'r in (1.2). For example, we consider matrices
A € R20x35 B ¢ R20%30 and C € R40%35 generated from a uniform distribution with zero-mean and standard
deviation 1. Figure 1 shows the relationship between the error associated with the solution of problem (1.1)
and the rank r. It follows from Figure 1 that the associated error is 0 when r > 20. Therefore, the smallest
value of r that implies the minimal error of the solution of problem (1.1) is given by r = 20. Note that
it was not necessary to compute each optimal matrix )?T, for r = 1,...,30, to obtain the associated error.
In this example, we only compute the eigenvalues of T = BTACTCATB € R3°%30 and use the formula
(3.3). Furthermore, in this numerical simulation, we obtain that rank(7T") = 20 and o?(A) = \;(T), for all
i=1,...,20. Thus,

XGR?«O x40

min A~ BXC|* = [|A* = > \(T) =0,
i=1

for all r > 20.

600 \

& 500
% o)
Il
=4 400
| \
~& 300
= \
| 200 \
S AN
£ 100
5 N

0

5 10 15 20 25 30
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FIGURE 1. Diagram of the error associated with the solution of problem (1.1) versus rank r.
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Abstract—In terms of signal samples, we propose and jus-
tify a new rank reduced multi-term transform, abbreviated as
MTT, which, under certain conditions, may provide the better
associated accuracy than that of known optimal rank reduced
transforms. The basic idea is to construct the transform with
more parameters to optimize than those in the known optimal
transforms. This is realized by the extension of the known
transform structures to the form that includes additional terms
- the MTT has four matrices to minimize the cost. The MTT
structure has also a special transformation that decreases the
numerical load. As a result, the MTT performance is improved
by the variation of the MTT components.

I. INTRODUCTION

Data compression is one of the central and widely studied
problems in communication and signal processing. Assume, a
reference signal and a noisy observed signal are represented
by random vectors x € L?(2,R™) and y € L?(Q,R™), respec-
tivelyEl. Then y compression (and denoising) to a ‘shorter’ (or
compressed) vector u € L?(Q,R*) where k < min{m,n},
and its consequent reconstruction (or decompression) can be
represented as I’ = DC, where C' and D are a ‘compressor’
and ‘de-compressor’, respectively.

An optimal determination of the compressor and de-
compressor in the form of matrices C € R*™ and D e R™**,
respectively, is given by the transform by Brillinger (BT)
(1], the generalized Brillinger transform (GBT1) and the
generic Karhunen-Logve transform (GKLT) [3]], [4]. Under
some assumptions, the BT, GKLT and GBT1 provide the best
associated accuracy among all linear transforms of the form
F = DC, for the same compression ratio ¢ = k/min{m,n},
where k =1,2,...,min{m,n}. The second degree transforms
developed in [2]], [5] (and abbreviated here as the GBT2 and
GKLT?2, respectively), under the certain condition, improve
the GKLT and GBT1 accuracy, for the same compression
ratio. Nevertheless, it may happen that the accuracy is still
not satisfactory.

In the practical setting or in the training stage, signals
are replaced with their samples. Here, we consider the case.
Sample matrices of x and y are denote by X € R™*% and
Y € R™*%, respectively, where s is a number of samples.

In terms of the signal samples, we propose and justify
a new rank reduced multi-term transform, abbreviated as
MTT, which, under certain conditions, may provide the better
associated accuracy than that of the GBT1, GKLT, GKLT2

lHere, Q= {w} is the set of outcomes, > a o-field of measurable subsets
of Q, p: X — [0,1] an associated probability measure on ¥ with p(2) =1
and (€2,3, ) for a probability space.

and GBT2. This is achieved by the extension of the known
transform structures to the form that includes additional terms
(see Section ). As a result, the MTT accuracy is improved
by the variation of the MTT components. See Sections [[II=A]
and and Examples [T13] below.

A. Preliminaries

Each matrix 7" ¢ R™*" defines a bounded linear transfor-
mation 7 : L2(Q,R") — L?(£2,R™). We write T rather then
T since [T (x)](w) = T[x(w)], for each w € Q.

The covariance matrix formed from x and y is denoted by
E,,. The pseudo-inverse of matrix M is denoted by M.

Let the SVD of matrix A e R™" be given by

A=UpSaVY, where  Ua =[ug ug ... upy] e R™,
Va=[vivy ...v,] e R™" are unitary matrices,
Y4 =diag(o1(A), ..., Omin(m,n)(A4)) e R™" and

o1(4) > o02(A) > > 0. For kK < m, j < n and
¢ < min(m,n), we denote Uayp = [u1 uz ...uxl,
VAJ' = [Ul U2 ...’Uj] and ZAyg = diag(ol(A),...,ag(A)).

K
Then [A]), = Y. 0i(A)uv] e R™", for k=1,...,rank (A4),

is the t1runcatéa1 SVD of A.

1) Review of the Brillinger Transform: Let M =
EME;; E,,.. The Brillinger transform (BT) of y is represented
by B = B1By where By = U1, and By = U;f{kEmyE;;

2) Review of Generalized Brillinger-like Transforms: In [2]],
the generalized Brillinger transforms (GBT1 and GBT2) were
developed. The GBTI is given by G1(y) = B1Bsy, where
By = Ur, 1, Ba = Uf 1 EpyE}, and Ty = B,y B} By, The
GBT1 extends the BT to the cases when E, is singular, i.e.,
the GBT1 always exists.

The GBT2 generalizes the GBTI1 to the form Ga(y) =
Bl [Bgy-ﬁ-BgV] where Bl = UTu,k7 [BQ,B?,] = U%ﬂuﬁkEmuELu
and u = [y?vT]T € L?(,R?"). Here, v € L*(,R") is an
‘auxiliary’ signal used to further optimize the transform. If
B1B3v = O then the GBT2 coincides with the GBT1.

II. THE PROPOSED APPROACH
A. Generic Transform Structure

For the given compression ratio ¢, we consider transform
F :R™® x R?*® — R™** represented by

F(Y,V)=DC1Y + D2CQ(Y, V), (D

Here, Dy, e R™% Dy e R™%2 ) e R Oy e RF2*9
ki +ky =k, V e R is a sample matrix of an ‘auxiliary’
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random signal v called ‘injection’ and @) is a transformation
of Y and V in matrix Z € R?®, ie., Z=Q(Y,V).
B. Statement of Problems

Denote W = [YZZT]T and write | -
norm. Find Dy, Cy, Dy, Cy, V that solve

2
m‘}n&n& 5?,%12 |X = [D1C1Y + D2CoQ(Y, V)], (2)

| for the Frobenius

and ) which implies

3)

T
WWT:[YY 0) ]

o zzr

The condition (@) leads to the reduction of the numerical
load associated with the solution of problem in @). This is
because the dimension of WW7 is (n + ¢) x (n + ¢) while
the dimensions of YY 7 and ZZ7T are less, they are n xn and
q x g, respectively. As a result, a solution of problem @) in
terms of matrices YY7 and ZZ7 requires less the numerical
load than the solution in terms of matrix WW 7.

The abbreviation MTT will be referred to the multi-term
transform based on the solution of the problem in @)-().

Remark 1: We note that although the source signal x is not
available, the sample matrix X can be represented in terms
of matrices Y and sample noise matrix N. It is possible, for
example, if the observed signal y is represented in terms of x
and an additive noise (as in Examples 2] and [3] that follow).

C. Specific features of Problem in (2)-([3)

Interestingly, the problem in @)-(3) can also be treated as
a generalization and modification of the blind identification
problem considered, in particular, in [6]. By the approach in
[6], the problem in (@) is interpreted differently than that in
Section[[I[-Bl above, i.e., X is considered as an available output
of the system, Y and V as two inputs, and Dq,C1, Do, Co
make an unknown system function. Further differences from
[6] are that in @), Y is given, V is unknown and the
system function contains more unknowns than those in [6].
Moreover, matrices D1, C7, D2, Cy have special sizes. If we
denote Iy = D1C7 and Fy = Dy(Cy then F; and Fy are of
ranks k1 and ko, respectively. Therefore, the problem in )
can be reformulated as

min minmin | X - [FY + F»,Z]|?, 4)
V P B

subject to rank Fy < ki, rank F5 < ko and condition (3). By
the above reasons, the method in [6]] cannot be applied here.
Therefore, in Section [l below, we propose a new method to
solve the problem in @)—().

Since Y is available and V' is unknown, we call @)-@) the
semi-blind data compression problem. In terms of [6]], it can
also be called the semi-blind system identification problem.

III. MTT: SOLUTION OF PROBLEM IN @), (@)

Here, we represent an iterative method for finding optimal
matrices D € R™*1 ) e RF¥™ Dy e R™F2 (0, e RF279,
V' and transformation (Q that solve problem @2)-(3).

A. MTT: Optimal Semi-Blind Data Compression
First, in @), we determine Q(Y, V) such that
Z=VG where G=I-YI(YYD)'y=1-Y'Y. (5
Then condition @) is true.
As a result, the cost function in @) can be written as
|X = [D1C1Y + D202 Z]|?

= | X -DiC1Y|? + | X - DG Z))% - | X% (6)

On the basis of representation (&), the proposed itera-
tive method consists of the following steps. Let us denote

Sy = XYT(YYT)Y2" and Ty = Sy ST = XYTYTXT.
Step 1: For arbitrary V = V() and Z(®) = VO G, solve
X —[D1C1Y + DyCy Z(O7|2. 7
Zpin min |X = [D1Cy 202 2| @)

Theorem 1: The solution of problem (@) is given by
D = Dgo) =Ury gy, Ci= Cl(o) = U%Fy_rle(YT)T, ®)
T .
Dy =D{V=Ur_ k,r Co=C{"= UF, 0y i X(ZO7)19)

Proof: Proof is given in Section [Vl [ |
Denote

£© = |x - [DVcOv + DV 2072,

Step 2: Solve

min X - (D cOy 1 DMV 772 (10)
or equivalently, solve
min |x - DV cPva)?. (11)

This is because other terms in the RHS of (&) do not depend
on V. By [7l, the minimal norm solution of () is

v=v® - (D xat (12)
Denote ZM) = VDG and
ey = IxX - [Py + Do 2V P (13)
Step 3: Solve
Jnin | X - DaCo 202, (14)

Similar to (8), the solution is given by

Dy = DY - Cy = C=ULe  X([2). (15)
7 k2

T(U) Ko
For the first loop, (I3) is the same as (@) but (T3 is updated
for the next loops (see Step 5 below). Denote

1 0 0 1 1
ehie = 1X - [y + DR 2O,

Step 4: If E (1
C(l) c©
5(1) (1)7

= min{sg)c,ag,l)} then set D(l) D(O)
, for j = 1,2, choose V() as in (|m) and denote

If 5(1) min{ag)c,sv)} then choose D(l) and C(l)



above, i.e., D;l) = D;O), CJ(.l) = CJ(.O), for j = 1,2, and set
VO = VO In this case, denote e = ag/l).
As a result, the reconstruction of the samples is given by

x® = pMe®y + pPMefh 7M. (16)

Step 5: Repeat steps 2-4 where arbitrary matrix VO s
replaced with V(1) Then in (@), Z(©) is replaced with Z(1),
The new reconstruction of X is denoted by X (® which is
written similar to X () in (I8).

In general, for ¢ = 1,2,..., steps 2-4 are iterated with
updated V@, Dgz), C’;l) and the same Dio) and C{O).
This is because Dgo) and C’fo) do not depend on V. The
procedure is continued until a tolerance ¢ is achieved so that
e — (| < 6. As a result, compression of X is carried
out by Cl(l) and C’(Hl), and its reconstruction is carried out
by Dgl) and Dg”lg. The associated algorithm is represented
below where we denote

f(D1,C1,D5,C5,V) = | X = [D1C1Y + D2Co Z]|* (17)

and f(D2,Co,V) =X - DyCoVG|.

Algorithm MTT: Optimal semi-blind data compression by
updated optimization of V(®, D$ and C{".

Input: V() and § € R*. .

Output: D§0)7 C’fo), Dé”l), 02(”1) and V 0+

1. Solve min min f(Dy,Cy,Ds,C5,V);
1,C1 D2,C2
D{” = Dy, O\ i= Cy; DI 1= Dy, O 1= O,
vy,

R N N CRE CRA

3. fori=0,1,2,... _ _

4. Solve m‘}n f(Dgl), 02(1)7 V);

5. U= (D, 00, Dy, 0o, V);

6. Solve min f(Dy,Cy, V®);

. D2-,CQ .

7. E(Eéjcl') :f(D§O)aO£O)7D27CQ,V(Z));

8. if agé) < EE/“l) |

9. Déwl) = Do, CQ(H1) o V(i+1) _ V(i);
i i+1)

10. i) = E(DTC)’

11. else .

12. DS = p,, c{D) = ¢y, VD (),
i i+1)

13. el +1):5$/+ )’

14. end

15, if gD @] <5

16. Stop

17. end

18. end

Algorithm MTT is based on the following result.

Theorem 2: For i = 0,1,..., let DEO), Cl(o), Déi),
02(1')’ V(@ be determined by Algorithm MTT and let
e® = f(DiO),C’fo),Dgi),C’éi),V(i)) be the associated error.
Then the increase in the number of iterations ¢ implies the
decrease in the associated error, i.e., gli+l) < (),

Proof: Proof is given in Section [Vl [ ]

10 20

lterag 30 : 50 75 10
0 * i er of EXPQ'-‘mems

Fig. 1. Example [ Diagrams of errors associated with Algorithm MTT.

Convergence of Algorithm MTT is considered in Section
[Vl as well.

Example 1: Let y = s ox + 10¢ where x € L?(Q,R!00)
and s € L2(Q,R%) are uniformly distributed random signals,
and ¢ € L*(,R'%) is a Gaussian noise with mean 0 and
variance 1. Symbol ‘o’ means the Hadamard product. Let
X, S,V e R100:300 be samples of signals x, s and v, respec-
tively. Then signal y is represented by matrix ¥ = So X +10N
where N e R100300 j5 3 matrix whose entries are normally
distributed with mean O and variance 1.

For k1 = ko = 25 (and k = ky + k2 = 50) and a randomly cho-
sen V = V(O the error associated with Step 1 of Algorithm
MTT is £(©) = 4.8714 which is the sane as the error associated
with the GBT2. Let a given tolerance be § = 107°. After 19
iterations of Algorithm MTT, the tolerance is achieved and
the associated error is ¢(19) = 3.7998. For k = 50, the error
associated with the GBT1 is e(D;,C4) = 7.5727.

Thus, the error associated with the MTT is less than those
for the GBT1 and GBT2 by 50% and 22%, respectively.

In Fig. [[l diagrams of the error associated with the Al-
gorithm MTT are represented, for 100 experiments. In each
experiment, matrix V' = V(%) was chosen randomly. Fig. [II
illustrate Theorem That is, the increase in the number
of iterations i for updated optimization of V), Dgz), 02(1)
implies the decrease in the associated error.

Example 2: Here, we illustrate an application of Algorithm
MTT to the problem of compression, filtering and decompres-
sion of a set of noisy face images X, = {X() ..., X(")} on the
basis of a sample of s < r images &;, = {X ), .. X)) ¢
X,.. The sample X ") .. X () is a permutation of s images
from the r images. We choose r = 110 and s = 55. Each
image X for ¢t =1,...,7r, is simulated by MATLAB as
X® = x4 5;) where X ¢ R¥107 i5 a numerical
representation of the reference face image taken from the
Yale Face Database [§], and 5;) = randn(81,107) € R3"*107
simulates noise. Some randomly selected face images from the
Yale Face Database are given in Fig. 2] (a). Noisy versions of
images in Fig. 2l (a) are given in Fig. 2 (b).

Further, let Y € X, for £ = 1,...,7. It is assumed that Y (*)
does not necessary belong to the sample A}, but is ‘close’ to
one of the images in the sample, say )N((O‘), ie., )N((O‘), for
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Fig. 2. Example 2 (a): Some randomly selected images from the Yale Face
Database. (b): Noisy versions of images in (a)

a=t1,...,ts, 18 such that, for all element in &} _,

X carg min | X —y )2 <4,
v=ty,..., s

for a given d > 0. We wish to formulate the problem under

consideration in terms of the problem in (). To this end, we

denote

X=[x® _ x@)] and Y=[X®), Xt

where X,Y € R81*(107%5) Matrix V (see @) is simulated as
V=[v®, V] eR¥* where ¢ = 107 x g and entries of
each V(i), for i = 1,...,¢g, are uniformly distributed. In this
notation, the problem under consideration is formulated as in
@), i.e., we wish to find Dq,C;, Do,Cy and V that solve
min min min | X - [D1C1Y + D2Co Z]|?. (18)
V  Di;,C1 D2,Cs
Matrix Z is represented it in the block form as Z =
[z .. Z(t)] where Z() e RFX107 for j=1,... s.
Matrices Dy,C1,D5,C5 and V' are determined by Algo-
rithm MTT. Then an estimate of X (%), for o = 1,...,7, 1s
given by X@ = DY ® + DyCyZ® . The estimate is
represented, for k; = 20, ko = 20 and k = k; + ky = 40, in
Fig. B (e), for V with arbitrarily uniformly distributed entries,
and in Fig. B (f) with optimal V' using 10 iterations.

The GBT1 and GBT2 [2] have also been applied to the
problem in consideration, for the same k£ = 40. The mean
square errors (MSEs) are represented in Fig. [3| and Table 1
where the MSE means the mean square error. The obtained
numerical results clearly demonstrate the advantages of the
Algorithm MTT. The MSE and SSIM associated with the MTT

SRR e
() (b) (© (d) (e)

Fig. 3. Example &} Reference image X (@) (a); Observed image YO (o)
Estimates of X (®) by the GBT1 (c); GBT2 (d); MTT (e).

are much better than those for the other methods.

Table 1
Transforms MSEs
GBTI1 3.50 x 102
GBT2 2.80 x 102
MTT 1.80 x 10T

B. Particular Feature of MTT

On the basis of results presented in [9]], it can be shown
that the MTT converges faster if the dimension ¢ of matrix V'
increases. Here, we illustrate this feature as follows.

Example 3: Let y = x + £ where x € L*(Q,R*?) and
€ € L?(Q,R%) are uniformly distributed source signal and
white noise, respectively. Let v € L?(£2,R?) be a Gaussian
random signal. Noise £ is uncorrelated with x. Vectors y, &
and v are represented by samples ¥ e R*”1%0 = ¢ R70100
and V e R, Then E,, = YY", E,, = E,, -
Eee and E,, = E,, where E¢e =01 and o = 2.

In Fig. @ for k1 = ko = 12, diagrams of the error associated
with Step 1 of the MTT versus dimension ¢ of matrix V'
are given, for 100 experiments. The error decreases when ¢
increases. In each experiment, matrix Y was chosen randomly.

0 ———— —— S Stmniagz? ' . : v

3007 400 s e~ 50 78 100
) 0 50
Dimension gy " 8900, e of Expeierts

Fig. 4. Example 8l Diagrams of the error associated with Step 1 of the MTT
versus dimension ¢ of matrix V.

IV. APPENDIX
1) Proof of Theorem[} Denote W := W (0 = [YTZ(O)T]T-
Then X - [D1C1Y + DoCoZM]|?

S XX X W T T2 (19)
+HXWEWWIHY2 - [ EB)(WW )22,
] Ty1/2F
Further, (WWT)l/Qk: (YY) o + |- Then
@ (ZZT)1/2

| XWEWWhYE - [RR)(WWT)2?
=Sy - L (YY")2|? + |S7 - B (227) )2



Further, let us denote by R(m,n,k) the set of all m x
n matrices of rank at most k. The minimal norm solu-
tions to the problems min HSY F(YYT)Y2|2 and

FieR(m,n,k1)

i S, — (22?2 b
R Sz - Fa( ) 7| are given [7] by

Fy=[Syl, VYD) and By =[S4],, (227)2', 20)

respectively. Then (8), @) follow from (20) on the basis of
Fact 1 in [2]].

2) Proof of Theorem 2 To prove Theorem 2] we need some
preliminaries as follows.

Definition 1: Let M be a metric space and let B(a, €) ¢ M
be an open ball with center o and radius €. Point « is called a
cluster point [10] of a sequence {x,} c M iff for each € > 0
and m € N, there is some n > m such that x,, € B(q,¢), for
all n >m.

We denote F; = D;Cy, F\) = DY, F = {F, >} and

FO = (F F()} Wherej—l 2andz-0,1,.... Then

f(F7V) :f(F17F27V)
= f(Dy,C1,D5,C5,V) = | X - Y - BLVG|?

where f(D1,Cy, D2, Co, V) is defined by (7).
Let us now define compact sets K; and K5 such that

Ki={F:0< f(F,VO) < f(FO v©)y} Q21

Ky ={V:0< f(FO V)< f(FO vy, (22)

Definition 2: Let S* = (F*,V*) be a cluster point of
sequence SU) = (FO) V) for j = 1,2,.... Point Fy-«
is called a best response to F if Fy« € arg Igngl f(F, V).

€K

The proof of Theorem 2] is as follows.

Proof: For given F(O) (O)C(O) F( D= D( )C( Y and
V() we determine £*) = f(F(O) F]( ) V( )). Then 5(”1) is
determmed with the following steps. By Algorithm MTT, the
best responses are computed as follows:

Given Fl(o) and Fz(i), compute V which is the best response
to V' for f(Fl(O),FQ(i),V). Given Fl(o) and V), compute
F5 of rank < ko which is the best response to F5, for
JED, B, vO).

Let us now define s(i) = f(F(O) Fy, V(@) and 53) =
f(Fl(O),FQ(i),V). If 5( —mln{sF ,sv)} then

(Hl)

f(F(O) V( ))

At the same time, for given Fl( ) and V(i), the best response
to Fy, for f(F”, F,, VD), is F,. Then, for all F,
FED B vO) < (RO R, v D).

In particular, f(F(” 7, V®) < f(F, F? V(). Then
el) < () 1f 5(1 = mln{sfﬁ),sv)} then

(Hl) ( ) _ f(F(O) F( i) V)

Further, giyen Fl(o) and F2(i), the best response to V, for
FFO FM V), is V. Then, for all V, we obtain

FEOFD V) < f(O, D, V).
In particular,
0 1) TF 0 [ 1
FEOFD V) < (RO FO v D),

i.e., e(+1) < () Then the statement of Theorem [ follows.
|

3) Convergence of Algorithm MTT:

Theorem 3: Let K7 and K5 be compact sets defined by @)
and (22), respectively, and F' € K7 and V € K». Let FO) and
V() be determined by Algorithm MTT, for j = 0,1,.... Then
any cluster point of sequence S = (F(), V(1)) say §* =
(F*,V*), is a coordinate-wise minimum point of f(F,V),
i.e.,

F earg}gggf(F,V ), V earg‘r/rél}?zf(F V).

Proof: Since each K is compact, then there is a sub-
sequence SU) = (FU) V0U)) such that SU9) — S* when
t — oo. Consider entry FU*) of SUt) Let Fy+ and Fy )
be best responses to F associated with Fy« and V0,
respectively. Then we have

F(FEv, VU > f(Frg, VUD) > f(FUD [y Uerd))
> f(F(jt+1)7V(jt+1))

By continuity, f(Fy+,V*) > f(F*,V*) as t - oo. It implies
that latter should hold as an equality, since the inequality is
true by the definition of the best response Fy-«. Thus, F* is
the best response for V'*, or equivalently, F" is the solution

for the problem
i E V™).
arg min FEVT)

The proof is similar if we consider entry V(%) of SU¢) m
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Second Degree Model for Multi-Compression and
Recovery of Distributed Signals

Pablo Soto-Quiros, Anatoli Torokhti and Stanley J. Miklavcic

Abstract—We study the problem of multi-compression and
reconstructing a stochastic signal observed by several independent
sensors (or compressors) that transmit compressed information
to a fusion center. The key aspect of this problem is to find
models of the sensors and fusion center that are optimized in
the sense of an error minimization under a certain criterion,
such as the mean square error (MSE). A novel technique to
solve this problem is developed. The novelty is as follows. First,
the multi-compressors are non-linear and modeled using second
degree polynomials. This may increase the accuracy of the signal
estimation through the optimization in a higher dimensional pa-
rameter space compared to the linear case. Second, the required
models are determined by a method based on a combination
of the second degree transform (SDT) [1] with the maximum
block improvement (MBI) method [2], [3] and the generalized
rank-constrained matrix approximation [4], [5]. It allows us to
use the advantages of the methods in [2], [3], [4], to further
increase the estimation accuracy of the source signal. Third, the
proposed method is justified in terms of pseudo-inverse matrices.
As a result, the models of compressors and fusion center always
exist and are numerically stable. In other words, the proposed
models may provide compression, de-noising and reconstruction
of distributed signals in cases when known methods either are
not applicable or may produce larger associated errors.

Keywords—Data compression, stochastic signal recovery.

I. INTRODUCTION

This paper deals with a new method for the multi-
compression and recovery of a source stochastic signal for
a non-linear wireless sensor network (WSN). Although WSNs
exhibit a significant potential in many application fields (see,
for example [6]), up till now the results obtained are based on
linear models and fall short of a consideration of more effective
non-linear models for WSNs. The objective of this paper is to
provide a new effective technique for the modeling of a non-
linear WSN. The technique is based on an extension of the
approach in [[]] in combination with ideas of the maximum
block improvement (MBI) method [2]], [3]] and the generalized
rank-constrained matrix approximation [4]], [5].

Pablo Soto-Quiros is with the Centre for Industrial and Applied Math-
ematics, University of South Australia, SA 5095, Australia and Instituto
Tecnologico de Costa Rica, Apdo. 159-7050, Cartago, Costa Rica (e-mail:
juan.soto-quiros @mymail.unisa.edu.au).

Anatoli Torokhti is with the Centre for Industrial and Applied Math-
ematics, University of South Australia, SA 5095, Australia (e-mail: ana-
toli.torokhti @unisa.edu.au).

Stanley J. Miklavcic is with the Phenomics and Bioinformatics Re-
search Centre, University of South Australia, SA 5095, Australia (e-mail:
stan.miklavcic @unisa.edu.au).

Manuscript received XXXX XX, 2015; revised XXXX XX, 2015.

A. Motivation

E are motivated and inspired by the work in [[7], [8l], [9],

(L0, [LT), (121, [L3], (141, [L5h, [L6], where the
effective methods for modeling of WSNs were developed. The
WSNss are widely used in many areas of signal processing such
as, for example, battlefield surveillance, target localization and
tracking, and acoustic beamforming using an array of micro-
phones [18], [19], . An associated scenario involves a set
of spatially distributed sensors, By, ..., By, and a fusion center
T. The sensors are autonomous, have a limited energy supply
and furthermore, cannot communicate with each other. The
sensors make local noisy observations, y,...,Yy,, correlated
with a source stochastic signal x. Each sensor B; transmits
compressed information about its measurements, u;, to the
fusion center which should recover the original signal within
a prescribed accuracy. The compression level is predefined and
is not data-dependent.

The problem is to find an effective way to compress and
denoise each observation y; , where j = 1,...,p, and then
reconstruct all the compressed observations in the fusion center
so that the reconstruction will be optimal in the sense of a
minimization of the associated error under a certain criterion,
such as the mean square error (MSE).

The known methods for the distributed signal compression
and recovery [[7]-[17]] are based on a natural idea of extensions
of the optimal linear transforms [211], [22]|, [23]. In many
cases, this approach leads to a required associated accuracy.
At the same time, the error associated with the optimal linear
transform, for a given compression ratio, cannot be diminished
by any other linear transform. Thus, if the performance of the
methods based on the optimal linear transforms is not as good
as required then a method based on a different idea should be
applied. In this paper, such a method is provided.

The key questions motivating this work are as follows.
How can one improve the accuracy of the distributed signal
processing approach compared to that of other methods?
Second, is it possible to achieve the improvement under the
same assumptions that those in the known methods? The last
question is motivated by an observation that the models with an
“extended” structure often require additional initial information
needed for their implementation. Third, the block coordinate
descent (BCD) method is known to work on the modeling
of WSNs when applied only under certain conditions, which
may restrict its applicability. Is it possible to avoid those
restrictions?
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B. Known techniques

Here, the term “compression” is treated in the same sense as
in the previous works on data compression (developed, for in-
stance, in [[Z]-[17], [23], [26]), i.e. we say that observed signal
y; with n; components is compressed if it is represented by
signal u; with r; components where r; < n;, forj =1,...,p.
That is “compression” refers to dimensionality reduction and
not quantization which outputs bits for digital transmission.
This is similar to what is considered, in particular, in [7], [Sl,
(91, [10], [L1].

It is known that in the nondisrtibuted setting (in the other
words, in the case of a single sensor only) the MSE optimal
solution is provided by the generic Karhunen-Loeve transform
(GKLT) [, which provides the smallest associated error
in the class of all linear transforms. Nevertheless, the GKLT
cannot be applied to the above WSN since the entire data
vector y = [y7,.. T is not observed by each sensor (in
this regard, see also [U__J_]]). Therefore, several approaches
to a determination of mathematical models for By, ..., B, and
T have been pursued. In particular, in the information-theoretic
context, distributed compression has been considered in the
landmark works of Slepian and Wolf [28]], and Wyner and Ziv
[29]. The natural setting of the approach in [28], in terms
of the transform-based methodology has been considered in
[71, [8lI, [O], [1O], [L1]. Intimate relations between these two
perspectives have been shown in [30]]. The methodology devel-
oped in [I7], [8ll, [9, [10], [11] is based on the dimensionality
reduction by linear projections. Such an approach has received
considerable attention (see, for example, [[12]], [13l, [14], [15],
0160, [171, 1310, 132D).

In particular, in [7], two approaches are considered. By the
first approach, the fusion center model, 7, is given in the
form 7 = [T1,...,T,] where T; is a ‘block’ of T, for
7 = 1,...,p, and then the original MSE cost function is
represented as a sum of p decoupled MSE cost functions. Then
approximations to B; and 7 ; are found as solution to each of
the p associated MSE minimization (MSEM) problems. Some
more related results can be found in [33]]. The second approach
in [[7] generalizes the results in [8], [9] in the following way.
The original MSE cost function is represented, by re-grouping
terms, in the form similar to that presented by the summand
in the decoupled MSE cost function. Then the minimum is
seeking for each 7 ;B;, for j = 1,...,p, while other terms
TiBg, for k. = 1,...,5 — 1,7+ 1,...,p, are assumed to
be fixed. The minimizer follows from the result given in
[21]] (Theorem 10.2.4). To combine solutions of those p local
MSEM problems, approximations to each sensor model B; are
determined from an iterative procedure. Values of By, ..., 5,
for the initial iteration are chosen randomly.

The method in is based on ideas similar to those in the
earlier references [7]], [8]], [Ol, , i.e., on the replacement
of the original MSEM problem with the p 4+ 1 unconstrained
MSEM problems for separate determination of approximations
to B; , for each j = 1,...,p, and then an approximation to
T. First, an approximation to each B, , for j = 1,...,p, is

"In particular, it generalizes the work of [10] to the case when the vectors
of interest are not directly observed by the sensors.

determined under assumption that other p—1 sensors are fixed.
Then, on the basis of known approximations to By,..., B,
an approximation of 7 is determined as the optimal Wiener
filter. In [11]], the involved signals are assumed to be zero-
mean jointly Gaussian random vectors. Here, this restriction is
not used.

The work in [8], [9], [10] can be considered as a particular
case of [11].

The method in is applied to the problem which is an
approximation of the original problem. It implies an increase
in the associated error compared to the method applied to the
original problem. Further, the technique suggested in is
applicable under certain restrictions imposed on observations
and associated covariance matrices. In particular, in [34], the
observations should be presented in the special form y; =
Hijx + vy, for j = 1,...,p (where H; is a measurement
matrix and v; is noise), and the covariance matrix formed by
the noise vector should be block-diagonal and invertible. It is
not the case here.

The approaches taken in the above references are based, in
fact, on the BCD method [24]. The BCD method converges
to a stationary point if the space of optimization is convex,
and the objective function is continuous and regular (pp-
480—481). It converges to a coordinatewise minimum if the
space of optimization is convex and the objective function is
continuous (pp- 480-481). The BCD method converges to
a global minimum if the objective function can be separated
into sums of functions of single block variables [3]] (p. 211).
The above conditions are not satisfied in the present case.

Further, the WSN models in [7], [8, [9], [10], [L1],
are justified in terms of inverse matrices. It is known that in
cases when the matrices are close to singular this may lead
to instability and a significant increase in the associated error.
Moreover, when the matrices are singular, the algorithms [[7],
(81, (9], [10], [11] may not be applicable. This observation is
illustrated by Examples 2 [3 in Section [V] and Example Ml in
Section [VI] below where the associated matrices are singular
and the method [7] is not applicable. In [[I1], for the case when
a matrix is singular, the inverse is replaced with the pseudo-
inverse, but such a simple replacement does not follow from
the justification of the model provided in [TI]. As a result,
a simple substitution by pseudo-inverse matrices may result
in numerical instability as shown, in particular, in [33] and
Example Q] in Section [Vl In this regard, we also refer to
references [4], [27], [36]] where the case of rank-constrained
data compression in terms of the pseudo-inverse matrices is
studied.

C. Differences from known methods. Novelty and Contribution

The methods of [7]]-[17], are based on exploiting the
linear minimizers of the mean square error [21]], [22], in
the BCD method [24]]. The key advantages and novelty of the
proposed methodology, and differences from the techniques in
(201170, are as follows.

Firstly, the minimizers developed in this paper are non-
linear. They are based on the second degree transform (SDT)
considered in [[I]]. It has been shown in that under a certain



condition, the SDT leads to greater accuracy in the signal esti-
mation compared to methods based on the optimal linear signal
transform, the GKLT. In Section a similar condition is
determined for the case under consideration, i.e., for distributed
signal compression and reconstruction. Secondly, unlike the
previous works we apply a version of the maximum block
improvement (MBI) method [2]], [3]], not the BCD method
[24]. This is because a solution of the minimization problem
we consider is not unique, the optimization space is not convex
and the objective function is not regular in the sense of [24]].
The objective function also does not separate into sums of
functions of single block variables [3]]. As a result, convergence
of the BCD method cannot be guaranteed [3] for the problem
we consider. The MBI method [2], [3] avoids the requirements
of the BCD method. The main idea of the MBI method is to
implement an update of the block of variables which is the best
possible among all the updates. Further, unlike the previous
methods, at each stage of the proposed greedy method the
generalized rank-constrained matrix approximation [4]], [3] has
to be applied. This is required because of the special structure
of the objective function under consideration. More details are
given below in Section [II=Al Thirdly, the minimizers in ,
[22]], (23] used in [7]-[17], [34] have been obtained in terms
of inverse matrices, i.e., they have only been justified for full
rank covariance matrices. In our method, the minimizers are
obtained and rigorously justified in terms of pseudo-inverse
matrices and, therefore, the models of the sensors and the
fusion center are numerically stable and always exist. In other
words, the proposed WSN model may provide compression,
de-noising and reconstruction of distributed signals for the
cases when known methods either are not applicable (because
of singularity of associated matrices) or produce larger as-
sociated errors. This observation is supported, in particular,
by the error analysis provided in Section [X=(J and by the
results of simulations shown in Section [Vl Fourthly, despite
the special structure of our method compared to those of
known techniques, the same initial information is required for
the method implementation. This observation is illustrated in
Example [1] given in Section [Vl

D. Notation

Here, we provide some notation which is required to for-
malize the problem in the form presented in Section below.
Let us write (Q,%, ) for a probability spacd]l. We denote
by x € L?(Q,R™) the signal of interesfl (a source sig-
nal to be estimated) represented as x = [x(1), ... x(™)]T
where x(9) € L?(Q,R), for j = 1,...,m. Further, y; €
L2(Q,R™),...,y, € L*(Q,R") are observations made by
the sensors. In this regard, we write

T and y = [y, ... .y™T (1)

y=1[1,....y}]"

2Here 2 = {w} is the set of outcomes, & a o—field of measurable subsets
of Q and v : ¥ — [0, 1] an associated probability measure on X with (2) =
1.

3Space L2(€2,R™) has to be used because of the norm introduced in (@
below.
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(a): WSN model. (b): Sensor model.

Fig. 1.

where y(®) € L?(Q,R), for k = 1,...,n. We would like
to emphasize a difference between y; and y®: in [, the
observation y;, for j = 1,...,p, is a random vector itself
(i.e. y; is a ‘piece’ of y), and y® fork =1,....n, is a
random variable (i.e. y(*) is an entry of y). Therefore, y; =

(yl@—1+D y@)T where ¢j = g¢j—1 +nj, 5 =1,...,p
and go = 0.
For j = 1,...,p, we represent a sensor model by linear

operator B; : L*(Q,R") — L2?(2,R"7) defined by matrix
Bj € R"7*" such thatf for j =1,...,p,

[B;(yi)l(w) = Bjly;(w)). 2)

Here, r =71 + ...+ 1, , r; <min{m,n;}, and r; is given
and fixed for each jth sensor, for 7 = 1,...,p. Let us denote
u; = Bj(y;) and u = [uf,...,u]]", where for j =1,...,p,
vector u; € L%(Q,R™7) represents the compressed observation
transmitted by a jth sensor B; to the fusion center 7.

A fusion center model is represented by linear operator 7 :
L?(Q,R") — L%(Q,R™) defined by matrix T € R™*" so
that [T (u)](w) = Tu(w)], where u € L*(Q,R"). To state the
problem in the next section, we also denote

E(lx]?) := Ix]& = /Q x(w)3dn(w) < o0, (3)
where ||x(w)]|2 is the Euclidean norm of x(w) € R™.

II.  STATEMENTS OF THE PROBLEMS
A. Formalization of the Generic Problem

,x(MT where x1) €

For x represented by x = [x(1), ...
m,n c Rmxn’

L*(Q,R) we write E[xyT] = E,,, = {Ezjyk}j e

where Fy ., =

xD(w)y™ (w)dpu(w) < oo and y =

¢
[y, ...,y™]T. An assumption used in previous methods

[71, 81, [O1, [T0], [11]] and associated works such as [21]], [22]],

4An explanation for the relation in @) is given in Section =Bl




(23], [25], [37]] is that the covariance matrices E,, and E,,
are known. Here, we adopt this assumption. As mentioned,
in particular, in (and similarly, for example, in [37], [38],
(39, (400, [410, (42], (430, [44), [43]), “a priori knowledge of
the covariances can come either from specific data models, or,
after sample estimation during a training phase.” Importantly,
although we wish to develop the method with an extended
structure, no additional initial information is required. Example
[[in Section [V]illustrates this observation.

First, we consider the case when the channels from the
sensors to the fusion center are ideal, , each channel
operator N in Fig. [Tl (a) is the identity. The case of not ideal
channels W111 be considered in Section [Vl Then the problem

is as follows: Find models of the sensors, By,...,B,, and a
model of the fusion center, 7, that provide
2
Bi(y1)
min x—=T : . 4
T.Bi.....B, :
By(yn) ||,
The model of the fusion center, T, can be represented as 7 =
[T1,...,Tp) where for j = 1,....,p, T; : L*(Q,R") —
L?(Q,R™). Let us write
2
Bi(y1)
min ||x—[T1,..., 7T, :
15y Tps ;
By,....By B;D(Y;D) [¢)
= min [x—[T1Bi(y1) +... + ToBo(¥p)lI3 (5)
) EXERE) k]
BB,
where y = [yl,...,y 7.

In this paper, we study the case where Bj, for j =1,...,p,
is represented by a second degree polynomial, i.e., is non-
linear. Previous methods were developed for the case of linear
Tjand By, forj=1,...,p

B. Inducement to Introduce Second Degree WSN

1) Linear WSN: Let us first consider the case when T;
and B; are linear operators, and Nj =1, forj=1,...,p.
Denote by R(m,n;,r;) the variety of all linear operators
L*(Q,R") — L*(Q,R™) of rank at most r; where k <
min{m,n;}. For convenience we will sometimes write R,
instead of R(m,n;,r;). Then, for F; = T ;B;, the generic
problem in @) can equivalently be reformulated as follows:
Find Fi,...F, that solve

p
=Y Fily)| - ©)
j=1

Q

min
F1E€Rr 1 FpERy,,
Recall that r; < min{m,n;}, for j=1,...,p.

2) Second Degree WSN: Mathematically speaking, the prob-
lem in (@) is the problem of the best constrained linear ap-
proximation. At the same time, it is known that a ‘proper’ non-
linear approximation would provide better associated accuracy,
i.e., a better estimation of x. This follows, in particular, from
the famous Weierstrass approximation theorem [46] and its

generalizations in [47], [48], [49], (500, (511, (32, (3318 In
[, this observation has been realized as the second degree
transform. For p = 1 and Ay = I in (@), it has been shown
in that if

T1Bi(y1) = Ai(y) + A2(y?), (7

where y? is given by y*(w) := ([y1(@)]*..., [yn(@)]*)",
and operators A; and As are determined from the minimiza-
tion of the associated MSE, then under a quite unrestrictive
condition obtained in [II], the error associated with the SDT
is less than the error associated with the GKLT, for the same
compression ratio. The improvement in [I]] is due to doubling
of the number of parameters compared to the KLT. Indeed, the
KLT is a particular case of transform if A2 = O in @),
where O is zero operator. In the general case, optimization of
T1B; in @@ is achieved by a variation of two operators, Aj
and A, while the KLT is obtained on the basis of optimization
of A; only. More details are provided in Section [X=Al

Based on these observations, we now extend the approach
in [1]] to the case of arbitrary p in (@) and combine it with the
MBI method [2]], [3] and results in [4], [3]. To this end, we
write

Bj(y;) =80+ 8;1(y;) +Sj2(y3), (8)

where arandom vector S, o € L?(Q,R"7), and linear operators
Sp1 : T(QRY) - L RY) and S5 ¢ LH(Q,R™) —
L (Q R"7) are to be determined, and y7 is defined by y (w) =
([y o= D(w))?, ..., [y %) (w))>)7, for all w € 2, where, as
before, ¢; = ¢j—1 +nj, j=1,...,p and go = 0. In (B), the
term S;2(y3) can be interpreted as a ‘second degree term’.

In this regard, B,(y ;) is called the second degree polynomial.
Furthermore, B; (y]j can also be written as

Bj(y;) = S;i(2)) ©)
where
S; =1[85,0,5j,1,8;,2] Ly )" a0
The above implies the following definition.

Definition 1: Let S = diag[S1,...Sp|, z = [z],...,2]]"
and P; = 7;S;, for j = 1,...,p. The WSN represented by
the operator P = 7S such that

and z; =

P(z) = Pj(z;)

M=

<.
Il
—

I
NE

Ti[Sio+8ialy;) +82(y3)], (D)

<.
Il
—

SA constructive choice of the optimal non-linear approximation, which
provides the minimal associated error, is a special and hard research problem
[54]. Its solution is subject to special conditions (convexity, for example) that
are not satisfied for the problem under consideration. This is why in [7], [8],

[O0, [0, (TN, (21, [13], [14], the special approaches for solving problem (&)

have been developed.



where
Pi(zj) = T;S;(z;)
= T [Si0+851(y;) +S52(v])]  (12)

will be called the second degree WSN. If S, and S; o are
the zero random vector and zero operator, respectively, for all
7 =1,...,p, then the WSN will be called the /inear WSN.

C. Statement of the Problem for Second Degree WSN

On the basis of (8)-(I), for the second degree WSN, the
generic problem in @) is reformulated as follows. For j =
1,...,p, let B; and z; be represented by (8)-(I0), and P, be
as in (I2). Find Py,... P, that solve

p

min X_ZPJ‘(ZJ‘) . (13)

j=1 Q

Note that P; is linear with respect to z; and non-linear with
respect to y ;. At the same time, we are interested in the optimal
models for B;, for j = 1,...,p, and 7. It will be show in
Section[ITll that the models follow from the solution of problem

(3.

III.  SOLUTION OF PROBLEM ([13))

A. Greedy Approach to Determining P, ..., P, that Solve

We wish to find Py, ..., P, that provide a solution to the
problem in (13 for an arbitrary finite number of sensors in the
WSN model, i.e. for p = 1,2, ... in (I3). To this end, we need
some more preliminaries which are given in Sections [M=AT]
and that follow. The method itself and an associated
algorithm are then represented in Section [II=A31

1) Reduction of Problem ([3)) to Equivalent Form: Let us set
MUY? = (MY?), where M'/2 is a square root of a matrix
M, ie. M = M'Y2M"?. The pseudo-inverse for a matrix M
is denoted by M.

We denote P = [Pi,..., P,], where P € R™*(2"+P) and

P; € Rm*Cnitl) forall j = 1,...,p, P;(z;) = Pjz; and
write || - || for the Frobenius norm. Then
2 2
p p
X—ZPj(zj) = X—Zszj
Jj=1 Q Jj=1 Q
= x-P(2)]3

= BN = 1 Be (BI)T)?
+Eox (BT = PEL2|%. (14)
et us write o and represent matrix
L H = E,.(BX*) and rep EM?

blocks

EX?=[G],....G]" (15)

where EL/? € RZnTP)X(2n+p) an4q G, € R +1)x(2n4p)

for j =1,...,p. Then
E,.(EY*)' - PE!/* =H - ZP G;. (16)
Therefore, (I4) and (I6) imply
2
p
Py eerrf.l.fleeRTp x- Z Pj(z;)
=t Q
2
P
p emff“nppemp H- ; P;G; (17)

where R, denotes the variety of all m x (2n; + 1) matrices
of rank at most r;, for j = 1,...,p, where r; < min{m,n,}.
On the basis of (I7), problem (I3) and the problem

2
p

min H-— ZPjGj (18)

Jj=1

are equivalent. Therefore, below we consider problem (Ig).
Note that

2
p

H-Y PG,

j=1

=1Q,; - P;G;|*, (19)

p

where Q; = H — Z P;G;. This representation will be used
i=1
i#j

below.

2) SVD and Orthogonal Projections : Let the SVD of a

matrix C' € R™** be given by
C =UcXcVE, (20)

where Us € R™ ™ and Ve € R**® are unitary ma-
trices, Yo = diag(o1(C),...,0min(m,s)(C)) € R™* is
a generalized diagonal matrix, with the singular values
01(C) > 02(C) > ...0 on the main diagonal. Let Ux =
[up ug ... uy] and Vo = [v1 v2 ... vgs| be the repre-
sentations of U and V in terms of their m and s columns,
respectively. Let Lo € R™*™ and Re € R%*%, such that

rank C' rank C'
Lo = E uiu;?r and Rc = E viv'f7 21
i=1 i=1

be the orthogonal projections on the range of C' and C7,
correspondingly. Define C,. € R™** such that

r: ’l“_go.l

forr=1,...

uvl =Uc, Sc, VA (22)

,rank C, where
Ue, = [u1 uz ... uyl,

Se, = diag(a1(0),. .., 0,.(C)), (23)



Vo, =[vi vz ... o).

For r > rank C, we write C(") = C(= Cuank ¢). For 1 <
r < rank C, the matrix C(") is uniquely defined if and only
if 0,.(C) > 0,41 (C).

3) Greedy Method for Solution of Problem (I8): An exact
solution of problem (I8) is unknown. That is why, similar to
previous works [[7]-[17], [34], we adopt a greedy approach
for its solutionl] In particular, in [7)-[17], [34], the BCD
method [24]] (mentioned in Section [EB)) was used. At the same
time, the conditions for convergence of the BCD method are
not satisfied for problem (I8). The recently developed MBI
method [2]], [3] avoids the restrictions of the BCD method. The
advantage and main idea of the MBI method is that it accepts
an “update of the block of variables that achieves the maximum
improvement” [3] at each iteration. Further, the problem in (I8)
is different from that considered in [[7]-[17]], [34]. Therefore,
unlike methods in [[7)-[17], [34], a solution of problem (I8) is
represented by a version of the MBI method [2]], [3] where at
each iteration the result from [4]], [3]] is exploited; this is due
to the specific form of the objective function in (I8). More
precisely, each iteration of the proposed method is based on
the following result.

Theorem 1: Let K; = M; (I—ng) where M; is an
arbitrary matrix.AFor given Pi,...,Pj_1, Pjy1, ..., P, the
optimal matrix P; of rank at most r; minimizing

2

p
x— Y Py(z)
J=1 Q
is given by
P = [QsRe,],, GHI+K)), forj=1,....p. (24

where Q; and G; are as in ([3) and (I9), and Rg,
and []., are deﬁned similarly to €I and @2), respec-

tively. Any minimizing P has the above form if and
only if either r; > rank (QjRg;) or 1 < r; <
rank (Q;Rg,) and or,(Q;Rg,;) > or,41(Q;Ra,), where
or; (Q; Rg;)isa smgular value in the SVD for matrix Q; Rg;.
Proof The proof is considered in Section [X=Cl We note
that the arbitrary matrix M implies non-uniqueness of the
optimal matrix P;. [ |
__We represent the error associated with the optimal matrix
P; in the way similar to that used in [7], [L1]. Let us write

X = x—w;, where w; = > _7_, P;z;.Denote by 1, ..., d,, the
i#j
first r; eigenvalues in the SVD for matrix EM E Ezﬂ, and

bY 151,y 1, m the eigenvalues of C;H] for, where C;

E— 2 ELE’y]Eny E 2 and H = EJ2 2 — Eyjzy]Ey]uj Eyjyj
We also write B = tr{2 B,z — Ew].wjrj} and
2
P
f(Pr . By) =[x = > Pi(z;)
j=1

Q

5Other reason to apply the greedy approach is mentioned at the end of

Section [X=A]

Theorem 2: For given Pi,...,P;_1, Pji1, ..., P, the
error associated with the optimal matrix P; is given by

= tr{Ea}— 25 Zﬂj, —B;-
29
Proof: The proof is considered in Section X=Q If the

f(Pi,....,Pi_1, P, Piy1, ... P

given matrices Py,...,P;_1, Pjy1, ..., P, are optimal in the
2

sense of minimizing Hx - Zé’:l P;(z;)|| then Theorem [II

returns the globally optimal solution of .

Further, let us denote R, P =

(Pi,... P,) € Ry, ., and ¢(P ’H P 4]_5
The computational procedure for the solution of problem

is based on the solution of problem (I8) and consists of the
following steps.

r:er XRT)

1st step. Given P = (P P") e R,, _, , com-

pute f’j(l), for j =1,...,p, such that

51 0

PO = [Q >RGij ah(I + ), (26)
where

P
i=1
i

Here, G, is given by (I9), and ]3j(l) is evaluated in the form

28 on the basis of Theorem[I]and usin P(O) P(O) P(O)
g J+1

. P(O) Matrices F,. and E., are formed from matrices
By and E,,. This is illustrated below by Example[Tlin Section

[Vl A choice of initial iterations P1(0)7 e P,SO), is considered
in Section [LII-Bf below.

2nd step. Denote

P (Pm) PO, B _p®

e .. .,P15°>) 7

and select ﬁ,(:), fork=1,... 4 p, such that (b(?,i )) is minimal
(1) (1)
e PO 6PV, e

=arg_ min {6(P"). 0P, o(P))} 28

1 e

among all ¢(P

P,

and write

1)

PV =P, (29)

where we denote P! = (Pl(l), e Pp(l)) eR,,

Then we repeat procedure (26)-@29) with the replacement
of PO by P as follows: Given PV = (Pl(l), ...,P,gl)),
compute, for j =1,...,p,

(2 1
PO — [Q§ )RGJ‘LJ. all + Ky,



where v
(1) _ (1)
Q' =H-Y PG,
i=1

1)

Note that ﬁj(Q) is computed similar to 16( , 1.e., on the basis

of Theorem [ and using Pl(l)7 .. 7P(l)17 P(Jlr)l, . Pp(l). Then
denote ﬁg?) = (Pl(l) 7(1)1, (2) P(i)l, cee P,gl)), select

?;2) that satisfies @28) where superscript (1) is replaced
with superscript (2), and set P = P( ) where P® —
(PP, ., BP) €Ryy -

This process is continued up to the gth step when a given
tolerance ¢ > 0 is achieved in the sense

p(PT)) — p(PD)| <, forg=1,2,....  (30)

It is summarized as follows.

Algorithm 1: Greedy solution of problem (I8))

Initialization: P”), H, G, ...,G, and € > 0.
1. for ¢ =0,1,
2 for j =1, 2
3. Q() H— Zz 1,1 7 q)G
4 P“”” 01" Ra T Gi(I + K;)
S+ @ pl@ B p@ (@)
T (P 9, .., PO, Bt p@)  ps )
6. end
7. Choose ﬁ,(cqﬂ) such that
—(g+1) . (g+1) (g+1)
P - argﬁ(wmmmﬁ(qﬂ) {¢(P1q UREEE ¢(qu
I
8. Set platl) . ﬁ(q 1), where
platl) _ (P (Q+1) P(q-i-l))
9.  If [p(PltY) - (P<q ) <e
10. Stop
11. end
12.  end

Sequence {P(q+1)} converges to a coordinate-wise mini-
mum point of objective function ¢(P) which is a local mini-
mum of (I8). Section [X=C] provides more associated details.

Theorem 3: For PV determined by Algorithm 1, the
error associated with the proposed model of the second order
WSN is represented as

Ix — P (2)||3 = | EX2|? - || Eos (B2
+ | Eo (B2 — PUTD B2 (31)

Proof: The proof follows from (I4).
|
Remark 1: Although (BI) represents a posteriori error, it is
convenient to use during a testing phase.
Remark 2: For p = 1, the formula in (26) coincides with

the second degree transform (SDT) proposed in [1]. There-

Z Pj(z;) (see

Definition [I) where P; solves minp, €R,, H - Z PZ-Gl-H ,
for j = 1,...,p, can be regarded "the multi- compressor
SDT. Further, Algorithm 1 represents the version of the MBI
method that uses the multi-compressor SDT. Therefore, the
WSN model in the form P41 (z) = S77 P(q+1) (z) where

=1
plt Pl are determined by Algorithm 1 can be

interpreted as a transform as well. We call this transform the
multi-compressor SDT-MBL.

fore, the transform represented by P(z

B. Determination of Initial Iterations

We determine initial iterations Pj(o), for 5 =1,...,p, for
Algorithm 1 as follows. Let us denote x = [x{,...,x]]"
where x; € L*(Q,R™i), i =1,....,pand my + ...+ m, =
m. Suppose that matrix 7 € R™*" is given by T =

diag(Tll, ceey Tpp) where Tjj S ijxrj, for j = 1,...,p.
Then
r 2
X1 S1(z1)
: —diag(T 11,5 T pp) :
L *p Sp(zp) Q
[ %1 —Pi(z1)
L %o = Polzp) |||,
- Z Ix; = Pj(25) % (32)
and
P
per, M, Z s = PiCa=3 i s Pstes) I

As aresult, in this case, problem (I3) is reduced to the problem
of finding P; that solves

: 2
PR lIx; = Pi(z)ll, » 33)

for j =1,...,p. Its solution is given by [1]
P = {EIij (EZij)l/Q} . (Eijzj)l/Q(I + Kj) (34)

where Kj = ]% I'— L2 ) and Mj is an arbitrary matrix.

Then the initial iterations for Algorithm 1 are defined by
PO =P

J 7o

forj=1,...,p. (35)

C. Models of Sensors and Fusion Center

To determine the sensor model B; in the form (8)-
@, for 5 = 1,...,p, and the fus1on center model T =
[Ty,... ,Tp] we need to determine S;o Sj1, Sj2 such that



S; =[5,0,551,5;2] and T}, for j = 1,..., p. Matrices S; o,
Sj1, Sj2 and Tj are evaluated by S(q+1) e R, S(q+1) €
Rmx(?n]-i-l) S(q+1) c Rmx(?n]-i-l) and T(q+1) c Rmxrj
respectively, as follows By Algorlthm 1, the mathemat1ca1
model of the second degree WSN is given by

P

P(q+1)(Z) _ ZP((IJrl)
=1
p
_ Z (q+1)5(q+1) ()
S£q+1)(zl)
_ e+ : . (36)
1
S}()q-r )(Zp)
where P2t (P(q+1) P(q+l)) and PV
J
Tj(qul)S(qH) By step 7 of Algorithm 1,
(¢+1) _ pla+l) _ (q) T
P-(q+1) = P(O) where Pj(o) is represented by (34)-(33). For
the case when P(q+1) ]3(‘”1), we write
U, %, Vi = {Qm) Re, l , (37)

where U, 3. Vrf is the truncated SVD taken with first r;
singular values, U,, € R™7, ¥, € R and Vg S
R75*(274P) Then

T(Q'l'l)

Tj(lﬁ‘l) =U, or Ur, %0, (38)
where Tj(qH) € R™*" and Tj(q“) € R™ ", and
StV =, VIGHI + K;) or 8YTY =vIGHT + lég))

respectively, where S (@) ¢ Rrs*(nit1) | Here, S; (a+1) _
[Sj(qurl S(QJFl) S(‘IJFlg

As aresult, for the jth sensor model represented by @),
Sjo Sj1 and Sjo are given by S; (aF1) " glat) and S(qﬂ)

respectively, which are determmed from as blocks of

matrix SV The fusion center model is given by T(at) =
(1000 T where T, for = 1. is deter
mined by (3%).

For the case when PJ(qH) P-(O) where P(¥) is represented
by (B4)-(33), matrices Tj, Sjo S;1 and §2 are evaluated
similar to matrices T(q+1), qu0+1) S(q+1 and S q+1) in

(@8 and B9, respectively. In this case, in (37), [Q(q)R }
should be replaced with [EI].ZJ ( Eijzj)l/ﬂ and in (@)

T

G} (I + K;) should be replaced with (Eljz YW2(I + Kj).
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Fig. 2. Diagrams of MSEs associated with our method and methods [7],
[11]. In Fig. (a), MSEs associated with methods [7], coincide.

IV. NUMERICAL RESULTS AND COMPARISONS

We wish to illustrate the advantages of the proposed method-
ology by numerical examples where a comparison with known
methods [[7]], [8]], [9], [1O0], [L1], is provided. The method
[11]] represents a generalization of methods [§]], [, and
therefore, we provide a numerical comparison with method
which includes, in fact, a comparison with methods [§]],
[al, as well. Further, covariance matrices used in the
simulations associated with Figs.[2](b) and (c) are singular, and
therefore, method [7] is not applicable (some more associated

(c) Example 2



observations have been given at the end of Section [EB).
Therefore, in Figs. 2 (b) and (c), results related to algorithm
in [7] are not given.

For the same reason, the method presented in is not
applicable as well. Moreover, the method in [34] is restricted
to the case when the covariance matrix formed by the noise
vector is block diagonal. This is not the case here.

In the examples below, different types of noisy observed
signals and different compression ratios are considered. In all
examples, our method provides the better associated accuracy
than that for the methods in [7], [11] (and methods in [8]], [O],
[10] as well, because they follow from [T1]]).

Example 1: Suppose that the source signal x € L?(£,R3)
is a Gaussian rand(im V%Ctﬁ% wétgsmean zero and covariance

064 1 0.08
0.08 0.08 1
y; and y, are noisy version of x, ie., y; = x + &; and
Yo = x + &, where §; and &, are Gaussian random vectors
with mean zero and covariance matrices F¢, ¢, = o}l and
FE¢, ¢, = 031, for j = 1,2. The vectors x, &; and &, are as-
sumed to be independent. Then E,, = [E,, Ey;| and E,, =
Eyy, Eew + Eg ¢, Eeo ] . For

Eylyl
Y291 Y2y2 | ) T Epe + EE2§2
the sake of simplicity, in (II)-(12), we choose S1,0 = S2.0 =

matrix F,, = . The observed vectors

O. Therefore, z; = ng , forj = 1,2, and as before
J
4
(see Definition ), z = [z],z2]7, ie. z = z; =
e
X+ & X+ &
(x+&)% | | x2+¢&
X+ & = x+6 | because x, £, and &, are
(x + &2)? x2 + &2

independent. Matrices E,, and F., are evaluated as follows.
For a random variable a with the probability density function

Fo(0) = o (-2
by Eue = 02 and E,»,» = 20* Here, 02 is variance.
For random variables a and b with the joint probability den-

sity function f, ,(u,v) = —A—— exp (—M)
a0 2m\/T=p2 , 2(1-p7 ) ’
associated covariances are given by E., = pap, Eg2p
Eabz = 0, Eazbz = 2p§b and Eaza = Eaaz =
where p,p is the correlation parameter. Then FE,2,»
2 0.8192 0.0128
0.8192 2 0.0128
0.0128 0.0128 2
2031, E,, = (Evy Epp2]l = [Ery, Ery, E,,2 Ezy%]
[Ere Fzr O Q] and E.. is given in {@Q0). On this basis,
Algorithm 1 produces the associated errors that were evaluated
by (BI), for different o; and r; with j = 1,2. The errors
associated with methods [[7]], were estimated in a similar
way. A typical example of the errors, for oy = 0.9, 02 = 0.65
and r; = ro = 1, is represented in Fig. 2] (a).
Example 2: Here, it is supposed that covariance matrices
Eyy, By and Ey, are known from a training phase. We

, associated covariances are given
2

=

— 4 _
» P = 200l Bgg =

assume that, for j = 1, ..., p, noisy observations are such that
y; = Ajx+ B;€;, where A; : L*(Q,R™) — L*(Q,R™) is a
linear operator defined by matrix A; € R™*™ with uniformly
distributed random entries, x is a random vector with uniform
distribution, 3; € R and §; is noise represented by a Gaussian
random vector with mean zero.

The errors associated with the proposed method and the
method in [11]], for the case of two and three sensors (i.e., for
p = 2 and p = 3, respectively), and different choices of m, n;
and r;, for j = 1,2 and j = 1,2, 3, are represented in Figs.
(b) and (c). Method [[7] is not applicable since covariance
matrices used in these simulations are singular. Note that
method is not numerically stable in these simulations.
We believe this is because of the reason mentioned in Section
[-Bi

Example 3: Here, we wish to illustrate the obtained theo-
retical results in a more conspicuous and different way than
that in the above examples. To this end, we use training
signals themselves, not only covariance matrices as before.
In this example, training reference signal x is simulated by
its realizations, i.e. by matrix X € R™** where each column
represents a realization of the signal. To represent the obtained
results in a visible way, signal X € R™** is chosen as the
known image ‘Cameraman’ given by the 256 x 256 matrix —
see Fig. [ (a), i.e. with m, k = 256. Then X € R¥6X128 A
sample X € R™**® with s < k is formed from X by choosing
the even columns, i.e. s = 128.

Further, we consider the WSN with two sensors, i.e. with
p = 2, where the observed signal Y;, for j = 1,2, is
simulated as Yg- =A;xX+3;T;, where A; € R296%256 and
T, € R?56%25% have random entries, chosen from a normal
distribution with mean zero and variance one, A ;%X represents
the Hadamard matrix product and 5, = 0.2 and 2 = 0.1.

For 1 = ro = 128, the simulation results are represented in
Figs.[Bland[l Our method and methods from [7] and [11] have
been applied to the above signals with 50 iterations each. The
associated errors are evaluated in the form [|X(i) — X(1)|[3,
for ¢« = 1,...,256, where X is the reconstruction of X by
the method we use (i.e. by our method or methods in and
[11]}), and X (i) and X (i) are ith columns of matrices X and
X, respectively.

Method [7] has only been developed in terms of the inverses
of certain covariance matrices. In this example, the covariance
matrices are singular. Consequently, the estimate by method
[7] has the form represented in Fig. 3 (f). Due to singularity
of covariance matrices, the error associated with method [[7] is
very large. Therefore, those results are not included in Fig. @

Method [[7] was applied in terms of pseudo-inverse matrices
as it suggested in the section “Appendix I”” of [7]. Nevertheless,
the associated estimate (see Fig. [3] (e)) is still not so accurate
as that by the proposed method. As mentioned in Example 21
it might be, in particular, because of the reason considered in
Section [EBl

Similar to the other examples, Figs. Bl and H] demonstrate
a more accurate signal reconstruction associated with the
proposed method than those associated with previous methods.
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(d) Signal estimate by our method

Fig. 3. [Illustration to Example B

(e) Signal estimate by method [TT]]
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(f) Signal estimate by method [[7]
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V. SECOND DEGREE WSN WITH NONIDEAL CHANNELS

In the above sections, we dealt with the WSN model with
ideal links between the sensors and the fusion center. Here,
we consider nonideal channels which comprise multiplicative
signal fadding and additive noise. These effects are modeled by
operators N; : L2(Q,R") — L*(Q,R"), for j = 1,...,p,
which are depicted in Fig. [I (a). Each A; is such that
Nj(u;) = Dj(u;) +n; where the channel linear operator D;
and n € L?(Q,R") is random noise with zero mean which
is uncorrelated with x, Y D; and across the channels, i.e.,
E,.; = O for i # j. Operator D; is represented by matrix
D; € R™*" similar, in particular, to 3; in [@). Matrices D,
and F, ., ., for j =1,...,p, are available at the fusion center.
As in [ﬁl] it is assumed that channel matrix D; and matrices
E,,y; can be acquired similar to covariances Fy, and Fy,. At
the same time, unlike [[7] here, it is not required that D; and
E,,y, are necessarily invertible.

In the case of nonideal channels, we deal with the problem

as follows. Find models of the sensors Bi,...,B, and the
fusion center 7 = [T1,...,7,] that solve
2
P
pmin = T [D;B;(y;) +ny] (1)
Bi,....Bp Jj=1 Q

On the basis of (@), the above can equivalently be represented
as the problem of finding S1,...,S, and 71, ..., 7, that solve

2

p
A X = Z T; [D;S(z5) +n;] (42)
S1,..,8p J=1 o
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Fig. 4. Example [3} Diagrams of MSEs associated with our method and
method [11]]. MSE associated with method [7] is very large and, therefore, it
is not given here.

A. Greedy Method for Solution of Problem ([A2l)

An exact solution to problem #2) is unknown. By this
reason, we apply a greedy approach to @2) in the form of
an iterative procedure. At each iteration, the idea of the MBI
method is combined with the optimal solutions to two pertinent
minimization problems, so that one solution determines the
optimal model of the sensor and another solution determines
the optimal model of the fusion center. By this reason, it is
called the alternating iterative (AI) procedure.

First, in Section [V-ATl we provide the solutions to the
minimization problems used in the Al procedure. In Section
[V-A2l a detailed description of the steps used at each iteration
of the AI procedure is provided. Then the Al procedure itself
is considered in Section [V-A3l

1) Preliminaries for Al Procedure: Let us denote

2
P
(P) = ||x = > T, [D;S;(z;) + ]
i=1 Q
where P = (T1,...,Tp, S1,...,5p).

Theorem 4: Let w; = D;S;(z;) +m;, for j = 1,...,p,
and w = [w{,...,wl]". Let K = M(I — Lp,, ) where M
be an arbitrary matrix. For given Si,...,S5),, optimal matrix
T minimizing ¢ (P) is given by

T = EuElL, (I +K). (43)
The associated error is represented by
min ) (P) = || B — | Eew(E) > (44)
Proof: Tt follows that ¢(P) can be represented as
W(P) = [|x = Twllg- (45)
Then @3) and @4) follow from [3]]. If given matrices
Si,...,S, are optimal in the sense of minimizing ¢ (P) then

Theorem M returns the globally optimal solution of (#2).
|
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p
Theorem 5: Let x(jy = X — ZTi[DiSi(zi) + n,]. For
i=1
i)
given 7' and {Si}le_’i +;» optimal matrix S; minimizing

207
%) — TijSj(Zj)HQ is given by

Sj = (1;D;) Ex, . BT . (I + K;), (46)
where K; = M;(I — Lg, . ) and M; is arbitrary. The
associated error is represented by

min |5 ~ D85 (25)|g

()T () T(GHZINT 2525

-

s

2
By BY2 (1= 10,001 @)

ZjZj

d

Proof: We write
2

p
x =Y T;[D;S;(z;) +ny]
Jj=1 Q
= |xg) = TiD;iSi(=)|l5

2 2
_ 1/2 _ t 1/2
B HE%)%) ‘ Ea gz (Ezm) H
2
1/2 1/2
+ HEI(J')Z]' Ez]-/z; - T]‘D]S]EZJ/Z] (48)
By 13, S; in [(Z19) minimizes

1/2t 172 ||?
HE EY* _1,D,8,EY?

:E(j)Zj ZjZj5

and hence, minimizes

2
[x¢) = TiD;S;(25) |, -

The error representation in (@7) follows from @) and (@8).

Note that if given matrices 7" and {S;}}_, . 4 are optimal
in the sense of minimizing ¢ (P) then Theorem]EI returns the
globally optimal solution of ([@2). [ |

2) Description of Steps in Al Procedure: Before describing
the AI procedure in Section [V-AZJ] that follows, here we

describe the steps made at its each iteration. The steps are
based on Theorems [ and [ provided above.

1st step. Given T, S§O), - Séo), compute
TW = B,y El o0 +ED). (49)
Here, Emw(o) [Emwio)’ cey Emw;o)] and Ew(o)w(o) =
{Ew§°>w;0) }i =1, where, for j =1,...,p,
B0 = B, (SS)TDT,
E, 0,0 = DiSE.. (S)DI +E,,, 50
KO M(l)(I _ LEwm)w(m)
where M) is an arbitrary matrix. Then Tl(l), . ,ngl) are
determined as blocks of matrix 7(Y) = [Tl(l), . ,Tél)] given

by @9).



2nd step. Given {T )}p , and {S; 0)}1 1,ij> compute, for
j=1,...,p,

S = (VD)) By, BL L (I K) 1)
where
P
Erp ey = Boey — > TVDSVE. ., (52)
i
Kj=M;(I-Lg. ), (53)

where M is arbitrary. Note that (@9) and (5I) are evaluated
on the basis of @3)) and ([@8)), respectively.
3rd step. Denote

B0 _ (1) 1) ¢(0) (0) G(1) (o) 0
P —(Tl s T, S0 5@ 5 5@ s >),
(54)
set S 1) = SJ(-l) and select ﬁﬁf), for k = 1,...,p, such
that 1/)(P{(Cl) is minimal among all 1/}(P( )) . w(P(l)),
(P, ),
5180 . - (1) -1 -1
P —arg min  {u(®),.. o), w@,))}
PV, Pl
(55)
Then write
pV .—pY (56)
and denote P = (Pl(l),...,Pzgl)) € R

Then we repeat steps (@9)-RA) with the replacement of
T, S§O), e SS)) by 7, S§1), e Sél) as follows. Com-
pute

T® =E, E !+ K@),

where E_,,1) and E, ), are evaluated similar to (30) with
subscript (0) replaced by subscript (1). Then similar to (1)
compute

S = (1P D)'E El . (I+K;) (57)

T(j,1)% 2525

P
= By — Zﬂ(z)DiSi(l)Ezizj and continue

=1

where Ey 2,
i#]
the computation with other pertinent replacement in the super-
scripts as it is represented in Algorithm 2 that follows.
3) Algorithm for Al Procedure: It follows from ([@3)) that the
cost function can be written as

P =l i )

(58)
The process described above is summarized in Algorithm 2.

On line 17, ¥(PY*Y) is evaluated by (B8) with the re-
placement of Eyy;, Eyw,, T With E ), E @ > Tlat+1),
respectively, which have been computed in hnes 2 and 3.

Sequence {P'*Y} in Algorithm 2 converges to a

E1/2H2 (a+1)
’ [Tl
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Algorithm 2: Greedy approach to problem @2): Al procedure

Initialization: 7, 5" . s D, .. D, ande>0.
1. for¢g=0,1,2,...
2. B, =B (S)TDT
3. Ew<q> (o = 'S(q)Eziz]- (Sj(-q))TD;TF + Enn,
4. TE@H'Z Ezw<q>Ew<q>w<q> (I + Klat)
5. Tt = T<q+1>(., 1:71)
6. for j =2,3,.
7. kj=>7_,
8. o) T(q+1>( rio141:kj)
9.
10. Pé"“) (D, g gl
11. for j=1,2,...,p
P
_ (a+1) 1y o)
12, Eag 2y = Eeey = Y T VDiSVE,
i=1
i£]
Sla+1) _ (pla+)
13. qu 1 = (T} D)) By, -, EL . (I + K)),
4. P Z (1@, 8@, g9, 5<q+1>,sﬁ1,. .,,Séq))
15, St = glary
16. en (g+1)
17. Choose qu such that
—(a+1) . _ _
Pl(cq N 8LrgP(q D 1nP<q+1) {¢(Péq+1))’ ._.’1/,(]_3;‘1“))}
18 Set PO — B Lpere
plath) = (T<q>, S§Z>, ey S5
19, If [p(PUT)) — (P@)] <
20. Stop
21. end
22. end

coordinate-wise minimum point of ¢ (P) which is a local
minimum. Section provides more associated details.
Similar to Algorithm 1, in a training stage, it is convenient to
use the error representation given in Theorem [l where P(4+1)
should be understood as that determined by Algorithm 2.

B. Algorithm 2: Determination of T?, S§O), . Séo)

To start Algorithm 2, matrices T(O),S§O), ..,S,(,O) should
be known. They can be determined by the procedure de-
tailed in Section [[II=J for the case of the ideal channels.
That is, for Algorithm 2, T©) is determined as T(¢+1) —=

T(q+1)] where T(qu ) forj=1,...,p, is given
by (@). For j = 1,...,p, matrix S O for Algorithm 2, is
determined as SJ(-QH) by (39).

C. Models of Sensors and Fusion Center by Algorithm 2
By (®)-(0), the sensor model B; is defined by matrix
S; = [S0,5j1,552]. Matrix S; is evaluated as SJ(-QH)



at line 14. Since S;'Hl) can be written as S§-q+1)

[SJ(-?OH),SJ(-?lﬂ),Sj(-fI;l)] where S\ is a block of S’J(-‘Hl),
for ]1€ = 1O7 1,2, 1then S;.0,951,5j2 are evaluated as
S§qO+ )’SJ(q1+ )’55?2+ )

The fusion center T' = [T1, ..., T}] is evaluated as T4+ =
[Tt 1) where T, for j=1,...

puted on the lines from 3 to 7.

, D, 18 com-

VI. NUMERICAL RESULTS AND COMPARISON

Here, we illustrate the performance of the proposed ap-
proach with numerical modeling of the second degree WSN
with two sensors and nonideal channels.

Example 4: Suppose that source signal x € L?(2,R*) is a
Gaussian random vector with mean zero and covariance matrix

1.000 0.580 0.275 0.450
E. - 0.580 1.000 0.295 0.540
10275 0.295 1.000 0.215
0.450 0.540 0.215 1.000

Observed signals y; and y, are noisy versions of x such that
y; = x+ 5?@-, 0; € R, for j = 1,2, where & and &
are Gaussian random vector with mean zero and covariance
matrices Fg¢, = 6J2-I, for j = 1,2. The vectors x, & and &

are independent. Channel matrices are D; = < 6 6 > and

2 8
0 5
D=1 5
not applicable here. Suppose the channel noise 7, is white,
for j =1,2,ie., By, =77 1.

The diagrams of the MSE, given in Fig.[Bl for r1 = 7y = 2,
01 = 0.7, 61 = 0.8, 17 = 0.6, 72 = 0.5, demonstrate the
advantage of the second degree model over its particular case,
the linear model.

). Note D3 is singular, i.e., method in is

1.6
Linear model
1.5
1.4
w
%)
=
1.3 1
Second degree model
1.2'\»
1.1 : : : :
0 20 40 60 80 100

Iterations

Fig. 5. Diagrams of the MSE for the WSNs with nonideal channels.

VII. CONCLUSION

We have addressed the problem of multi-compression and
recovery of an unknown source stochastic signal when the
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signal cannot be observed centrally. In the mean square es-
timation framework, this means finding the optimal signal
representation which minimizes the associated error. This
scenario is based on multiple noisy signal observations made
by distributed sensors. Each sensor compresses the observation
and then transmits the compressed signal to the fusion center
that decompresses the signals in such a way that the original
signal is estimated within a prescribed accuracy. By known
techniques, models of the sensors and the fusion center have
been developed from optimal linear transforms and therefore,
the associated errors cannot be improved by any other linear
transform with the same rank. At the same time, in some
problems, the performance of the known techniques may not
be as good as required.

In this paper, we developed a new method for the deter-
mination of models of the sensors and the fusion center. The
contribution and advantages are as follows. First, the proposed
approach is based on the non-linear second degree transform
(SDT) [1ll. The special condition has been established under
which the proposed methodology may lead to the higher accu-
racy of signal estimation compared to known methods based on
linear signal transforms. Second, the SDT is combined with the
maximum block improvement (MBI) method [2]], [3]]. Unlike
the commonly used block coordinate descent (BCD) method,
the MBI method converges to a local minimum under weaker
conditions than those required by the BCD method (more
details have been provided in Sections [EB] and [LC). Third,
the models of the sensors and the fusion center have been
determined in terms of the pseudo-inverse matrices. Therefore,
they are always well determined and numerically stable. As a
result, this approach mitigates to some extent the difficulties
associated with the existing techniques. Since a ‘good’ choice
of the initial iteration gives reduced errors, special methods for
determining initial iterations have been considered.

The error analysis of the proposed method has been pro-
vided.

VIII. FUTURE DEVELOPMENT

The problem of WSN modeling with nonideal channels
subject to a power constraint per sensor was tackled with
different approaches considered, in particular, in [7]], [53l,
[56], [57], [58]. It appears that this is a specialized topic and
we intend to extend the approach proposed in Section [V] to
this important problem. Another important topic relates to the
analysis of the influence of the covariance estimation errors
on models of the sensors and the fusion center. As mentioned
before, special methods were developed, in particular, in [38]],
[39], [40], [41], [42], [43], [44], [43]. In our future research,
we intend to extend the known related results to the WSN
modeling with the proposed methodology.
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X. APPENDIX

A. Advantages of Non-linear Approximation

Advantages of non-linear approximation have been con-
sidered, in particular, in [47], [48], [49], [30], (511, [52],
[33]] where the non-linear approximator is represented by the
g-degree polynomial operator P, : L? — L? defined as

Py(y) = Ao+ Ai(y) + A2(y,y) + ...+ Ag(y, ..., y). Here,
—

q

Ap stands for a constant operator and Ay, : (L?)* — L2, for
k=1,...,q,1is a k-linear operator. In broad terms, it is proven
that under certain conditions specified in [47], [48], [49], [50],
(510, 1521, [53], a non-linear transform & : L? — L?, where
L? := L*(Q,R"), defined as x = &(y) can uniformly be
approximated by P,(y) to any degree of accuracy. In other
words, for anye > 0, there is a g-degree polynomial Py(y)
such that, for an appropriate norm || - ||,

% = Py(y)ll <e (59)

For ¢ > 1, the ¢g-degree polynomial P, (y) has more parameters
to optimize compared to the linear case when Py (y) = A (y).
That is why P,(y) can provide any degree of accuracy.
Indeed, optimization of P,(y) is achieved by a variation of
g + 1 parameters, Ao, Ai,..., Ay, while optimization of
Py(y) = Ai(y) follows from choosing one parameter only,
Aj.

An optimal determination of the g-degree polynomial P, (y)
is a hard research problem [34]. Its solution is subject to special
conditions (convexity, for example) that are not satisfied for the
problem in (@) if F;(y ;) is replaced by P, (y). For a particular
case in (@), when p = 1, ¢ = 1 and A is the zero operator, this

difficulty was surmounted in [[7]], 8], [9l, [10], (111, [12], (13,
where a special approach for finding IP; (y) that solves

i —P 2
L [x —P1(y)llg (60)

has been developed. In I, for still p = 1 in (&), a more general
case has been considered, when ¢ = 2 and P»(y) is represented
in a special form given by Po(y) = A1 (y) + A2(y,y), where
As(y,y) = Aa(y?), Az is a linear operator and y? is given
by y?(w) = ([y;(w)]?,...,[y.(w)]*)T. The solution of the
problem

. 2
min [|x —Pa(y)llg
1 2

s.t. rank [A;, Ag] <7 < min{m,2n}

obtained in [[I]] shows that the increase in ¢ to ¢ = 2 allows us
to achieve a better associated accuracy than that for the linear
case, i.e. with ¢ = 1, for the same compression ratio.

The result in has been extended in [39], for an arbitrary
q in P,4(y) and still for p = 1 in (@). Due to a special struc-
ture of the polynomial P,(y) based on the orthogonalisation
procedure proposed in [39], it has been shown in Theorem 2
in [39] that, for p = 1 and F; represented by P,(y) in (@),
the accuracy of x estimation in (@) is further improved when ¢
increases. The orthogonalisation procedure [39] cannot be used
for the problem under consideration since the sensors should
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not communicate with each other. It is one of the reasons to
develop the greedy approach represented in the above Sections

A ML-A3

B. Explanation for the Relation in (2))

In Fig. [ (a), the input of the jth sensor is random vec-
tor y; which is, by the definition, a function from € to
R"™ . More specifically, to satisfy the boundedness condition,
y; € L*(,R"™). Since a multiplication of function y; by
a matrix is not defined, the sensor model is represented by
linear operator ;. As a result, in the LHS of @, B; (yj) is
a random vector as well (i.e., a function from Q to R"¥) and
then [B;(y;)](w), for any w € ©, is a vector in R™. To define
operator B;, matrix B; is used. To be consistent, operator B
and matrix B; relate to each other as in @). In the RHS of
@, Yj (w) is a vector in R™, for every w € (), and therefore,
multiplication of B, by the vector y;(w) is well defined.

C. Justification of Algorithm 1
1) Proof of Theorem [l On the basis of (19),
2 2

P P
min ||x — g P;(z;) = min (|H — E PG,
PjGRrj = o PjGRTj

j=1

i — PG,
?é}Rij 1Q; Gl
where ); and G; are as in (I9), and j = 1,.. ., p. The problem

m%l |Q; — P;G,|* has been studied in [4], where its

R,

5 ERy
solution has been obtained in form @4). In Theorem [ the
conditions associated with 7, rank of matrix Q; R, and the
singular values of matrix Q;Rq; follow from the conditions
of uniqueness of the SVD (see, e.g., [4]).

2) Proof of Theorem [2] : Denote X = x — g Pjz;. Then
we have

f(Pi,..P;_1,P;,Pi 1, ... P,)
p
= |x=>_ Pz, - Pz}

i=1,

i)

= D 2
% — szj||sz
On the basis of Theorem 2 in[1]], we obtain

% - Pzl = w{Bm}-> & —tw{C;HICT}

i=1
= w{Em} =) 86—y p

i=1 i=1

Further,
tr{Eﬁ}

tr{Em—wj,;E—wj }
w{Epe} — 2 0{Ey,0} + t0{Euy,u,}. (61)



Then 23) follows.

3) Comparison with the Linear WSN in (6): Recall that (23)
represents the error associated with the second degree WSN
represented by (II). For the linear WSN considered in Section
[[M=BT] at each iteration of Algorithm 1, matrix PJ should be
replaced with matrix F where F is represented by the GKLT
(considered, in particular, in [Z]]) or by its particular case
given in [21]]. We wish to compare the error in ([23) with the
error associated with the linear WSN. To this end, first, we
establish the error representation for the linear WSN. Let us
denote

2
p

X_Z]:j(}’j) )

Jj=1 Q
Fjisasin (@), w, = ZZ : Fiyp oaj =tr{2 Eg,». — Eg, 3, }

and X = x — W;. Further we write o1, .. for the ﬁrst

r; ergenvalues in the SVD for matrix Ezyj EyguJE

the theorem that follows we consider the case when F] is
determined by the GKLT.

Theorem 6: For given Fy,...,F;_1, Fji1, ..., F,, the
error associated with the optimal matrix F\j for the linear WSN
is given by

fo(Fh, .. Fp) =

fL(Fla"'aijlaﬁjaFj+17"'7FP) = tr{EII} - Zai — Q.

Proof: On the basis of [27] (pp. 313),
fr(Fy, s Fj 1, Fy, Fian, o, Fy)

[

= [x- Z]:jyj _ijj||?2
i)

= |x—Fiy;l&

tr{Eﬁ} — Zj 0;
i=1

where

tr{ Fz5} tr{ L@, .0, )
tr{Em} -2 tr{E@jm} + tr{E@j@j}. (63)
The above implies (©2). [ |

The following theorem establishes a condition under which
the error in (23) associated with the second degree WSN is
less than that in (&2) for the linear WSN.

Theorem 7: 1If

— B <Y (Bi—o)+ > wi
=1 i=1

then
f(Pl,..., Pp)<fL(F1,...,
Proof: The proof follows directly from (23) and (62). m

P 1, P;, Pjya, ...y Fi 1, Fj, Fjyqq, ...
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4) Comparison with Linear WSNs in [[7], [I1]]: A theoretical
comparison of the error associated with the second degree
WSN in (23) and the errors associated with the linear WSNs
studied in [[7]], is difficult because of the following. The
error analysis in [7], [11] is provided in terms which are
quite different from those used in Theorem 2l Second, in [7],
[11]], the error analysis is given under the assumption that the
covariance matrices are invertible, which is not the case in
Theorem 2L At the same time, the errors associated with the
methods in [7] and might be represented in the form
similar to that in (62) where o; and «; should specifically
be obtained for the methods in [7]], [11]. In this case, the
comparison would be provided in the form similar to that
in Theorem [7l Other way for the numerical comparison is
to use the error representation in (31I). The error associated
with the linear WSN in [7] or [[I1]], follows from (ZI)) where
2z should be replaced with y and P4+ should be replaced
with the corresponding iteration of the method [[7] or [11]]. Of
course, this is a posteriori comparison, nevertheless, it is an
opportunity to obtain a numerical representation of the errors
under consideration. In fact, this comparison is provided in the
simulations in Section [[V]

5) Convergence of Algorithm 1: Convergence of the method
presented in Section can be shown on the basis of
the results given in [2]], [3l], [60] as follows. We call P =
(P1,....,P,) € R, ., apoint in the space R,, ., . For
every point P € er,...,rp, define a set

Ry ={(Pr,..., Pj-1)} X Rey x {(Pj11,..., P},

for j = 1,...,p. A coordinate-wise minimum point of the
procedure represented by Algorithm 1 is denoted by P* =
(P, ..., P;) wherd]

i

Pl e {arg Pgré%l ¢(Pr sy Piy, Py Py, ...,P;)} . (64)

This point is a local mlnrmum of objective function in (I8)),

(P ZPG

1 and P* deﬁned by (&) are, of course, different.

We also need the following auxiliary result.

Lemma 1: The sequence { P9} generated by Algorithm 1
is bounded. _ _

Proof: Consider ¢(P) = ¢(Py,...,P,) = |PG — H||
where G = [G1,...,G,), and G;, for j = 1,...,p, and H
are given in (I4) and (). Then |PG — H|| > || PG| — || H|,
ie.,

B Note that PU*Y in Algorithm

|PG|| — || H|| < &(Pr, ..., Pp). (65)

Suppose sequence { P } is unbounded ie., ||[Pl
as ¢ — oo. Then (63 i

||—>oo

’The RHS in (E_Z._l) is a set since the solution of problem
gr)rérél o(PY,...,P’_q, Pj, Pﬁq, .., Py) is not unique.
T

8There could be other local minimums defined differently from that in (64).



q — oo. Therefore, 5(P1(q), .. .,P;Q)) — 00 as ¢ — oo and

then ¢(P?, ..., P{”) = 00 as ¢ — oco. But it conflicts with
Algorithm 1 where

0<o(P?,... . P) < (P, ... BO).

Thus, {P'?} is bounded. |
Now we are in the position to show convergence of Algo-
rithm 1. For P9 defined by Algorithm 1, denote

O(P) = lim ¢(P7). (66)

Theorem 8: Point P defined by (G8) is the coordinate-wise
minimum of Algorithm 1.
Proof: For each fixed P = (P, ..., P,), a so-called best

response matrix to matrix P; is denoted by qﬁf , where

of e

ij Pj*l;P P+1,...,Pp)

arg Prré%r o(Pr, ...

i

Let {P@} be a sequence generated by Algorithm 1, where
P9 — (P(q) P(q)) Since each RP is closed [61, p.
304] and sequence {P } is bounded, there is a subsequence

{P qs)} such that (pl(qs : '7P1§qs)) 5 (Pf,.n PY) = P* as
s — oo. Then, for any j =1, ..., p, we have
$(PU9), ..., P, @F" Pl . ple))
(as)

> (P, .., P, P Pl . ple))

Z Q/)(Pl(QSJI‘l), . Pj(gsl'f‘l), Pj(qs+1) P(qs+l) P(qs"l‘l))

> (Pl m’Pg351+1>,Pquﬁl)’%(im) L Pl
By continuity, when s — oo,
Py, ... Py, &Y Pry, . Pr) >

¢(P1*77P 17P* j*+17"'7P;);

which implies that above should hold as an equality, since the
inequality is true by the definition of the best response matrix
@f*. Thus, P;‘ is such as in (&4), i.e. P;‘ is a solution of the
problem

ij%l o(Pys s Pl Py Py, Py), Yi=1,.p
|
D. Justification of Algorithm 2
For P9 defined by Algorithm 2, denote
$(P*) = lim (P7). (67)

Theorem 9: Point P* = (T*, S}, ..., Sy) defined by (©7) is
the coordinate-wise minimum of Algorithm 2.
Proof: The proof is similar to that for Theorem
Therefore, we only provide a related sketch. For each fixed
P = (T,Si,...,Sp), denote by &D7P a best response matrix to
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S defined by

RJP € qarg min
S] GRT] Xn

’t/J(T, Sl, ...Sj_l, Sj, Sj+1, ceny Sp)

By Algorithm 2, a member of sequence {P?} is given by
P(q) = (1¢ S(q) .,S( ). Similar to Lemma [ sequence
(PP} provrded by Algorithm 2 is bounded. Then there is

a subsequence {P(®)} with P(@:) = (7(2») glaw) glav),
such that (T@), S\ . 5§y — (T*, 8%, ... 83) = P* as
v — o0. Then, for any 7 =1,...,p, we have
G, S, S0 R S, L S()
w(T(th) S§Qt+1) S Qr+1) S(Qt+1) S(Qt+1) S(Qt+1))
) VAR .y D

and, for v — o0,

O(T*, S5, ... RY", ;+1,...,s*) >

w(T*,S{,...

]1’

S Sk 1y S5,

which implies that above should hold as an equality. Thus, 57
is the best response to (ST, ST 1,571y S;), or equiva-
lently, S7 is the optimal solution for the problem

@b(jd*at;fv" t;;)v \(j = 17'-'7p

]1’

max WS 185,85 1
The proof is similar when

R]P € {arg min
TGR’VYLX’V‘J'

(T, S, ..., sp)} .
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Abstract

Principal Component Analysis (PCA) is a transform for finding the principal
components (PCs) that represent features of random data. PCA also provides
a reconstruction of the PCs to the original data. We consider an extension
of PCA which allows us to improve the associated accuracy and diminish the
numerical load, in comparison with known techniques. This is achieved due to
the special structure of the proposed transform which contains two matrices T
and T, and a special transformation F of the so called auxiliary random vector
w. For this reason, we call it the three-term PCA. In particular, we show that
the three-term PCA always exists, i.e. is applicable to the case of singular data.
Both rigorous theoretical justification of the three-term PCA and simulations
with real-world data are provided.
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1. Introduction

In this paper, an extension of Principal Component Analysis (PCA) and
its rigorous justification are considered. In comparison with known techniques,
the proposed extension of PCA allows us to improve the associated accuracy

and diminish the numerical load. The innovation of the proposed methodology,
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differences from the known results and advantages are specified in Sections Bl
Gl @ and 11

PCA is a technique for finding so called principal components (PCs) of the
data of interest represented by a large random vector, i.e. components of a
smaller vector which preserve the principal features of the data. PCA also
provides a reconstruction of PCs to the original data vector with the least pos-
sible error among all linear transforms. According to Jolliffe ], “Principal
component analysis is probably the oldest and best known of the techniques of
multivariate analysis”. This is a topic of intensive research which has an enor-
mous number of related references. For instance, a Google search for ‘principal
component analysis’ returns about 8,160,000 results. In particular, the refer-
ences which are most related to this paper (from our point view) are represented
in B, , , , , , ] PCA is used in a number of application areas (in
an addition to the previous references see, for example, M, B, , H]) Therefore,
related techniques with a better performance are of vital importance.

By PCA in H, B], under the strong restriction of invertibility of the covari-
ance matrix, the procedures for finding the PCs and their reconstruction are
determined by the matrix of the rank less or equal to k where £ is the number
of required PCs. For a fixed number of PCs, the PCA accuracy of their recon-
struction to the original data cannot be improved. In other words, PCA has the
only degree of freedom to control the accuracy, it is the number of PCs. More-
over, PCA in the form obtained, in particular, in H, B], is not applicable if the
associated covariance matrix is singular. Therefore, in ﬂﬂ], the generalizations
of PCA, called generalized Brillinger transforms (GBT1 and GBT2), have been
developed. First, the GBT1 and GBT2 are applicable to the case of singular co-
variance matrices. Second, the GBT2 allows us to improve the errors associated
with PCA and the GBT1. We call it the generic Karhunen-Loeve transform
(GKLT). The GKLT requires an additional knowledge of covariance matrices
E,,» and E,»,» where x and y are stochastic vectors, and y? is a Hadamard
square of y (more details are provided in Section2below). Such knowledge may

be difficult. Another difficulty associated with the GBT2 and GKLT is their



numerical load which is larger than that of PCA. Further, it follows from B]
that the GKLT accuracy is better than that of PCA in , , subject to the
condition which is quite difficult to verify (see Corollary 3 in ]) Moreover,
for the GBT2 in M], such an analysis has not been provided.

We are motivated by the development of an extension of PCA which covers
the above drawbacks. We provide both a detailed theoretical analysis of the pro-

posed extension of PCA and numerical examples that illustrate the theoretical

results.

2. Review of PCA and its known generalizations GB1, GB2, GKLT

First, we introduce some notation which is used below.

Let x = [x1,...,xn|T € L2(QR™) and y = [y,...,y¥,]T € L*(Q,R")
be random Vectorslgl. Vectors x and y are interpreted as reference data and
observable data, respectively, i.e. y is a noisy version of x. Dimensions m and
n are assumed to be large. Suppose we wish to denoise y and reduce it to a
‘shorter” vector u € L?(Q, R¥) where k < min{m, n}, and then reconstruct u to
vector X such that X is as close to x as possible. Entries of vector u are called
the principal components (abbreviated above as PCs).

Let us write ||x||3 = /||x(w)||§du(w) < 00, where ||x(w)||2 is the Eu-
clidean norm of x(w) € Rms? Throughout the paper, we assume that means
E[x] and Ely] are known. Therefore, without loss of generality, we will as-
sume henceforth that x and y have zero means. Then the covariance matrix
formed from x and y is given by E,, = E[xy’] = e}ty € R™*™ where
iy = [ X, (@)dn(e)

Fur?her, the singular value decomposition (SVD) of matrix M € R™*"
is given by M = UySy Vi where Uy = [ug ug ... upy) € R Vy =
[v1 v2 ...v,] € R™™ are unitary matrices, and Xy = diag(o1(M), ...,

Omin(m,n)(M)) € R™*™ is a generalized diagonal matrix, with the singular val-

1Here, Q = {w} is the set of outcomes, ¥ a o-field of measurable subsets of 2, p: ¥ — [0, 1]
an associated probability measure on 3 with p(2) =1 and (2, 2, ) for a probability space.



ues o1 (M) > ago(M) > ... > 0 on the main diagonal. Further, M denotes the
Moore-Penrose pseudo-inverse matrix for matrix M.

The generalizations of PCA mentioned in Section I} GBT1 and GBT2 ],
are represented as follows. Let us first consider the GBT?2 since the GBT1 is a
particular case of the GBT2. The GBT2 is given by

Ba(y) = R1[Pry + Pav], (1)

where v € L?(2,R") is an ‘auxiliary’ random vector used to further optimize
the transform, (Assoc. Edit.: More explanations!!!) and matrices Ry €

R™F P, e RF*™ and P, € R¥*™ solve the proble

i — Ry[P Pyv]||? 2
R,IB%PPQ]HX 1Py + Pavl[lg (2)

so that, for q = [y"vT]" € L2(Q,R*") and Gy = EyqE}, Eqq,
Ry =Ug,k, [P, P2 =UG, By B, (3)

where Ug,  is formed by the first k& columns of Ug,, and P; and P, are rep-
resented by the corresponding blocks of matrix quykquE;q. The principal
components are then given by u = [Py, Po][y?vT]T.

The GBT1 follows from the GBT?2 if Ry P,v = 0, where 0 is the zero vector.
That is, the GBT2 has one matrix more (i.e., one degree of freedom more) than
the GBT1. This allows us to improve the GBT2 performance compared to that
by the GBT1 (see ] for more detail).

2Note that in (@) and @), strictly speaking, R1 Py and Pz should be replaced with operators
Ri: L%(Q,RF) — L2(Q,R™), Py : L2(Q,R™) — L?(Q,RF) and Pa : L2(Q,R™) — L?(Q,RF),
respectively. This is because each matrix, say, Ry € R™*¥ defines a bounded linear transfor-
mation Ry : L?(Q,RF) — L2(Q,R™). Nevertheless, it is customary to write Ry rather then
R1, since [R1(u)](w) = Ri[u(w)], for each w € Q. We keep this type of notation throughout
the paper.



The GKLT B] is given by
K(y) = K1y + K2y°, (4)
where matrices K; € R™*™ and K, € R™*" solve the problem

min — K1y + Koy?||3, 5
Ain [x — [K1y + K2y7][l5, (5)
rank [K1K2]§k}

2

and y? is given by the Hadamard square so that y?(w) = [y?(w),...,y2(w)]¥

3

for all w € Q.

PCA is a particular case of the GKLT if Koy? = 0 and matrix E,, is non-
singular. The PCA, BT, GBT1, GKLT and GBT?2 follow from the solution of
essentially the same optimization problem. The differences are that first, the
associated solutions are obtained under different assumptions and second, the
solutions result in transforms that have different computational schemes. More
details can be found in ﬂﬂ] Further, each of PCA and the GBT1 has m x n
parameters to optimize, which are entries of matrices K; and R; Py, respectively.
Similar to PCA, the GBT1 has one degree of freedom to improve the associated
accuracy, it is the number k& of PCs, i.e., the dimension of vector u. Thus, for
fixed k, the GBT1 accuracy cannot be improved. The GKLT ] and GBT2
] each have two degrees of freedom, k£ and one matrix more than in PCA
and GBT1. That is, the GKLT and GBT2 have twice as many parameters to
optimize compared to PCA and GBT1. It is shown in M, @] that this feature
allows us to improve the accuracy associated with the GKLT and GBT2.

3. Contribution and novelty

We propose and justify the PCA extension which
e always exists, i.e. is applicable to the case of singular data (this is because
it is constructed in terms of pseudo-inverse matrices; see Section [7]),

e has better associated accuracy than that of the GBT1, GBT2 and GKLT



(Sections [0.1] @3] [2),

e has more degrees of freedom to improve the associated accuracy than the
PCA, GBT1, GBT2 and GKLT (Sections and [10)),

e has a lower computational load than that of the GBT2 and GKLT; in
fact, for large m,n, it is about 37% of that of the GBT2 and 22% of that of the
GKLT (Section [T2),

e does not require the usage of matrices £,,> and E,2,2 (as required in ])
which are difficult to determine.

Further, we show, in particular, that

e the condition for the GKLT ] mentioned in Section 2] (under which the
accuracy improvement is achieved) can be omitted (Section [.T]).

In more detail, in the proposed PCA extension, the additional degrees of
freedom are provided by the auxiliary random vectors w and h which are in-
troduced below in Sections [l and [0.2] respectively. Vectors w and h are called
w-injection and h-injection. An improvement in the accuracy of the proposed
transform follows from the increase in the number of parameters to optimize,
which are represented by matrices Ty, T4, specific vector transformation F (Sec-

tions M and [[2)), and w-injection and h-injection (Sections [l [ and Q).

4. Structure of the proposed PCA extension

The above advantages are achieved due to the special structure of the
proposed transform as follows. Let w € L%(Q,Rf) be a random vector and
F: L2(Q,R") x L%(Q,RY) — L%(Q,RY) be a transformation of y and w in a

random vector s € L2(Q, RY), i.e.
s=F(y,w).

Reasons for using vector w and transformation F are detailed in Sections [B]
and [I0 below.

We propose to determine the PCs and their reconstruction x by the trans-



form T given by
X =Ty, w) =Toy + T1.F(y, w), (6)
where Ty and T are represented by m x n and m x £ matrices, respectively, and
rank [Ty Th] < k, (7)

where k = min{m, n}. Here, three terms, Ty, 71 and F, are to be determined.
Therefore, transform 7 will be called the three-term k-rank transform.
A special version of the three-term k-rank transform is considered in Section

below.

5. Statement of the problems

Below, we assume that x, y and w are nonzero vectors.

Problem 1. Find matrices Ty and T3 that solve

min_||x — [Toy + Th F(y, w)]||2 8
min [x— [Toy + T (v, Wl ®)

subject to constraint (@), and determine F that provides, for z = [y?s?]7,

pa=| P O] 9)
0O Es

where O denotes the zero matrix. The importance of the condition in (@) is
twofold. First, this allows us to facilitate computation associated with a deter-
mination of Ty and 7. Second, the condition in ([@) is used in the solution of

the Problem 2 stated below.
The transform obtained from the solution of Problem 1 (see Section [[2] that
follows) is called the optimal three-term k-rank transform or the three-term PCA.
Problem 2: Show that the error associated with the three-term PCA is less
than that of the PCA, GBT1 (see Section @1), GBT2 and GKLT (see Section



02). Further, show that the computational load associated with the tree-term
PCA is less than that of the GBT2 (see Section [IT.T]).

6. Differences from known techniques

The proposed three-term PCA differs from PCA in , B] in several in-
stances. Unlike PCA in B, B], the three-term PCA has the additional terms
T1, F and w-injection, which lead to the improvement in the associated ac-
curacy of determining PCs and the consecutive reconstruction of PCs to the
original vector. As distinct from the PCA in H, B], the three-term PCA is al-
ways applicable to singular data since it is determined in terms of pseudo-inverse
matrices.

Differences of the three-term PCA from the GBT2 are threefold. First, the
three-term PCA contains transformation F aimed to facilitate computation.
Second, in the three-term PCA, the procedure for determining principal com-
ponents and their reconstruction to an estimate of x is different from that in

the GBT?2. Indeed, the three-term PCA can be written as
T(y,w) = Ri Py + RaPss, (10)

where Ry, Ry, P; and P, are obtained in the form different from those in the
GBT2 (see Theorem [Ml below). Third, in Section @2 that follows, we show that
a special transformation of vector s to a vector S of a greater dimensionality
allows us to achieve the better associated accuracy of x estimation. Differences
from the GKLT in ) are similar and even stronger since the GKLT contains
vector y? (not v as the GBT2) which cannot be changed.

The above differences imply the improvement in the performance of the

three-term PCA. This issue is detailed in Sections [@ and [I1] that follow.



7. Solution of Problem 1

7.1. Preliminaries

First, we recall some known results that will be used in the solution of

Problems 1 and 2.

Proposition 1. B, Theorem 1.21, p. 44] Let M be a positive semi-definite

A B
matriz given in the block form M = , where blocks A and C' are

BT C
square. Let S =C — BTA'B and

At + ATBSTBT AT — ATBST
—STBT Af St

Then N = MT if and only if rank(M) = rank(A) + rank(C).

Proposition 2. B, p. 217] If M is positive definite, then the condition
rank(M) = rank(A) + rank(C) of Proposition [ is always true and N = M~!.

Proposition 3. H, Lemma 4.5.11] For any matrices A and B,

A O
rank = rank(A) + rank(B). (11)
O B

Proposition 4. (Weyl’s inequality) H, Corollary 4.3.15] Let A and B be mxm
symmetric matrices and let singular values o;(A), 0;(B) and o;(A + B), for

1=1,...,m, be arranged in decreasing order. Then, fori=1,...,m,
O'l(A)'i‘Um(B)SO'l(A'i‘B) SUZ(A)'i‘Ul(B) (12)

7.2. Determination of three-term PCA

Let
rank (M) rank (M)
P =), upui €R™M, Pyp=) vuvf eR™"
k=1 j=1



be the orthogonal projections on the range of matrices M and M7 respectively,

and let

(M =Y oi(M)uv] € R™" (13)

=1

for k = 1,...,rank (M), be the truncated SVD of M. For k > rank (M), we
define [M]y, = M (= Mank (m)). For 1 < k < rank (M), the matrix M, is
uniquely defined if and only if oy (M) > ogy1(M).

Further, M'/2 denotes a matrix square root for matrix M. For the covariance

matrix F,,, we denote E;Q/CQT = (E;f)“ Matrix E;éﬂ is unique since E,, is

positive semidefinite. The Frobenius matrix norm is denoted by || - ||.

Let us denote Gy = EmyE;y and G, = E,.E!_FE.,. Similar to Ug,.r in @),
Ug, i denotes the matrix formed by the first k£ columns of Ug,. Recall that, as
before in @), z = [y?s?]7.

Theorem 1. Let transformation F in (@) be determined by
Fly,w) =s=w— Guyy. (14)
Then (3) is true, and Ty and Ty that solve the problem in (), [) are such that
[To Ta] = Ug. kU, 4[Gay Gausl(I +N) (15)

where N = M(I — P2 ) and matriz M is arbitmrgH. The unique minimum

norm solution of problem (8), () is given by
To = Uq. UL xGay and Ty =Uq, kUl Gas, (16)
where

G. =G, +G,. (17)

3In other words, the solution is not unique.

10



Proof 1. For vector s defined by (1)),
Eys = Ely(w — EwyE},y)"] = Eyw — EyyE} Eyy = 0

because by Corollary 1 in E = EyyEJ, Eyy. Then [@) follows. Further,

since ||x||3 = tr E[xxT] (see . 166-167]) then, for T = [Ty T1],

Ix = [Toy + 1F(y, Wl = IIx - Tzl

trE{(x — Tz)(x — Tz)"}
|EL2|2 — | B, B2

1B B~ TEL|P. (18)
Therefore, the problem in (8)-(7) is reduced to

min ||E..EY2T - TEY2|2, (19)
T:rank T<k

Its solution is given in @] by

1/2 1/2

T =Ty Th] = [E.-BL "k EL (I + N). (20)

Let us write UgXqV2A = Q for the SVD of Q = szElzlm. Then by Q/,

1/2 1/2

[szE,]sz ]k = UQ,kUg,kszElz : (21)

Since G, = QQT then Ug. = Ug and Ug. = Ug. .. Therefore, (20) and (Z1)
imply

T = [Ty T\]) = Ug. kU&, xGa:z(I + N). (22)

11



Here, on the basis of (),

Ej, O
0 El,
and
El 0) Ey,.
Gz = [Emu Ews] v .
0) Egs FEy.
= EuyE} Eyo + Egs El,Eqy = Gy + G (24)

Then (I3), [I8) and ([I7) follow. [ |

Thus, the three-term PCA is represented by (@), ([4), (I3) and ([IG).

8. Analysis of the error associated with three-term PCA

Let us denote the error associated with the three-term PCA by

Emn,e(To, T1) = An 1% — [Toy + Ta F(y, w)][l%- (25)
0 1]
rank [Ty T1]<k

The following theorem establishes a priori determination of &, . ¢(T0, 11).

Theorem 2. Let F, Ty and Ty be determined by Theorem . Then
k
Emn,e(To, T1) = ||E;é2”2 - Zai(GZ)' (26)
i=1
Proof 2. It follows from (I8) and (20) that

Em,n,E(T07 Tl)

IEY22 — | B EY2Y 2 4 | By B2 — (B, B

1/2

WEL (I + N)EL|?

S (27)

IEY2|2 — | B B2 |12 + | Bun B2 — (B, EL,

12



The latter is true because by Lemma 42 in ‘@, p. 811],

[szEZz1/2]k = [szElzlﬂ]kElzlﬂE;éQ'
Then
emm,e(To, T1) = HEalca/c2H2 _Zoi(GZ)+ Z 0i(Gz)
i=1 i=k+1
k
= (1B =) 0i(Ga). (28)
i=1
Thus, (20) is true. |

9. Advantages of three-term PCA

Here and in Section [ below, we justify in detail the advantages of the

three-term PCA that have been highlighted in Section B

9.1. Solution of Problem 2. Improvement in the associated error compared to
PCA and GBT1

We wish to show that the error associated with the three-term PCA,

€mmn.e(To,T1), is less than that of PCA and the GBT1 ] A similar state-

ment has been provided in Corollary 3 in ] under the condition which is

difficult to verify. In Theorems Bl and @ below, we show that the condition can
be omitted. Let us denote the error associated with the GBT1 by

emn(Bo) = min |x— Boy|3. (29)

Bo€R™X™:
rank (Bg)<k

Matrix By = Ry P; that solves the RHS in 29)) follows from (@) if Ry Pov = 0
(see Section [2)).

Theorem 3. For any non-zero random vectors X,y and w,

Em,n,l(TO; Tl) S Em,n(BO)- (30)

13



If G = EME;VSESE is positive definite then
E»,n’n)[(TQ, Tl) < 5m7n(BQ). (31)

Proof 3. It is known M] that
k
ema(Bo) = B2 =D 0i(Gy)- (32)

i=1

Consider G, = Gy + (G. — Gy). Clearly, G, — G, is a symmetric matriz. Then
on the basis of [I3) in the above Proposition [J,

0i(Gy) + om(G= = Gy) < 04(G), (33)

where

G, -G, =Gy=MM"

and M = EwsE;fSlm. Thus, by Theorem 7.3 in @], G, — Gy is a positive semi-
definite matriz and then all its eigenvalues are nonnegative [9, p. 167], i.e.,
0i(G. — Gy) > 0. Therefore, (33) implies 0;(Gy) < 0:(G>), for alli=1,...,n,
and then

k

As a result, {30) follows from (28), (33) and (34). In particular, if G is positive
definite then o;(G, — Gy) > 0, fori=1,...,n and therefore, [31)) is true. M

In the following Theorem Hl we refine the result obtained in the above The-

orem

Theorem 4. Let, as before, k = min{m,n}. There exists v € [0, (Gs), 01(G5)]
such that

Emn,t(To,T1) = €m.n(Bo) — kv, (35)

14



i.e., the error associated with the three-term PCA is less than that of the GBT1

by k.

Proof 4. The Weyl’s inequality in (I3) and the equality in (24]) imply, for
1=1,...,m,

Ui(Gy) +om(Gs) < oi(G2) < Ui(Gy) +01(Gs)

which, in turn, implies

and
k k k
ZUW(GS) < Z[Ui(GZ) —0i(Gy)] < ZUI (Gs)
i=1 i=1 i=1
Therefore,
k k
kom(Gs) <Y 0i(Gz) = Y 0i(Gy) < koy(Gy)
i=1 =1
and
kom(Gs) < < 1232117 - Zm ) - < |27 — Za ) < ka1 (Gy).
Thus
kgm(Gs) S Em,n(BO) - Em,n,l(TO; Tl) S ko'l (Gs)
and
m,n B —cm,n T ;T
nalBo) = enantlo 1) ¢ (g, (6, 00(G1)
and then ([33) follows. [ |

15



Remark 1. If Gy is a full rank matriz then o, (Gs) # 0 and therefore, v # 0,
i.e. in this case, (F3) implies that emne(To,Th) is always less than e, n(Bo).
If rank (Gs) = rs where rs < m then o (Gs) = 0 and v € [0,01(Gs)], i.e. in
this case, v might be equal to 0.

Remark 2. Recall that PCA is a particular case of the GBT1 (see Section[3).
Therefore, in Theorems[d and[g), €m.»(Bo) can be treated as the error associated

with PCA, under the restriction that matriz Ey, is non-singular.

9.2. Decrease in the error associated with the three-term PCA with the increase

in the injection dimension

In Theorem [ that follows we show that the error e, » ¢(To, T1) associated
with the three-term PCA (represented by (@), (I4)-(I)) can be decreased if
vector s is extended to a new vector s of a dimension which is larger than that
of vector s. The vector § is constructed as s = [s?'g”]T where g = h — G}.z €
L*(Q,R"), Gj, = Ep.El, and h € L?(Q,R7) is arbitrary. As we mentioned
before, similar to w-injection, vector h is called the h-injection. As before, s is
defined by (@) and z = [y”s”]”. Thus, s € L*(Q,R“*7) while s € L?(Q, RY),
i.e. the dimension of s is larger than that of s by 1 entries. In terms of s, the

three-term PCA is represented as
S(Y7 w, h) = SOy + Slgu (36)

where similar to Ty and T} in (), and for z = [yZ 5" |7, matrices Sy and S

are given by
So =Uc. kU xGoy and Sy = Uq. kUg. 1 Gas. (37)
Here, Gz = Gy + G5 and Gz = Engggng The associated error is denoted by

Em,n,t4n (S0, S1) = |x — [Soy + S18][|&- (38)

min
[So Sl]eRmX(n+@+Tl):
rank [S() Sl]Sk

16



Theorem 5. For any non-zero random vectors X,y,w and h,
Em,n,f-i-n(SOu Sl) < Em,n,f(Tm Tl)
If G = EME;VSESE is positive definite then

Em,n,f-i-n(SOu Sl) < Em,n,f(Tm Tl)

(40)

Proof 5. Let us represent S1 in terms of two blocks, S11 and Si2, i.e., S1 =

[S11 S1o], and also write S =[Sy S11]. Then

. 2
0 5, I 1503 + 858l
rank [S() Sl]gk

2
= min x— | Soy + 51
[SO SI]GR7nX(n+l+n): g
rank [So S1]<k Q2
. 2
= min Ix — [Soy + S11s + Si28]ll

[SO SI]GR7nX(n+l+n):
rank [S() Sl]gk

N 2
= min Hx— [Sz—i—Slgg]H .
[So Sl]eRmX(n+f+n); Q
rank [So S1]<k
Here, [So S1] = [So S11 Si2] = [S Si2]. Therefore,
~ 2
min ’x— [SZ—I—Slzg]H
[SO Sl]eRmX(n+@+Tl): Q
rank [So Sl]Sk
= i — [Sz + S128] )13
5 s e, Ix =[Sz + Si2g] g
rank [S S12]<k
In ([23), let us write €m pno(To,T1) in terms of s,
emn.e(To, T1) = min Ix — [Toy + T1s][|&-

[To Ti]eR™* (0,
rank [Ty T1]<k

17



Then by (30) in Theorem[3,

min x — [Sz + S1og |12
[§ S1a]ER™X (n+e+m), e — 1 1K}
rank [S S12]<k

< min  ||x — Tz|3
TeR™* (n+0),
rank (T)<k
2
= min x — [To Th] Y
[T) Tp]eR™X(+0), s
rank [Tl TQ]S]C Q
= Ix — [Toy + Ts]|[?, (44)

min
[To Ti]eR™* (n+0),
rank [Ty T1]<k

where T = [Ty Th], To € R™*"™ and Ty € R™**. Then (34) follows from ({{2)
and [{4), and (31) implies {0 |

Remark 3. An intuitive explanation of the statement of Theorem [A is that
the increase in the dimension of vector s implies the increase in the dimension

of matriz Sy in @B) so that Sy € R™ " while in @), [@F)-{D), Ty €
R (0, Therefore, the optimal matriz S1 has m X n entries more than Ty
to further minimize the associated error. As a result, the three-term PCA in
form (34), for the same number of principal components k, provides the more

accurate reconstruction of x than the three-term PCA in form (@).

9.8. Decrease in the error associated with the three-term PCA compared with

that of the GBT2 and GKLT

In Theorem [ below, we show that the three-term PCA in B6)-([3T) provides
the associated accuracy which is better than that of the GBT2 in (l)-(B]). Let
us denote the error associated with the GBT2 by

Em,n(B07 Bl) = min
[BO Bl]eRmX(Zn):
rank [Bo Bl]gk

Ix — [Boy + Biv]g, (45)

where By = R1P; and By = Ry P, are determined by [@). In fact, the result

below is a version of Theorem [Bl as follows.

18



Theorem 6. Let s = v where £ = n, and random vector v is the same as in

[@)-@). Then for any non-zero random vectors x,y and h,

Em,n,nJrn(SO; Sl) S Em,n(B()v Bl) (46)

If G = EISE;fsESI is positive definite then

Em,n,nJrn(SO; Sl) < Em,n(B()v Bl) (47)

Proof 6. We observe that Theorem [A is true for any form of s. In particular,

it is true for s = v where { = n and random vector v is the same as in (1)-({3).

Then [4£0) and {73) follow from 83X and [40), respectively. |

Remark 4. Theorem[d is also valid for s = y? with £ = n. Thus, in this case,
the three-term PCA in ([38)-(37) provides the associated accuracy which is better
than that of the GKLT in ().

10. Special cases of three-term PCA

In both forms of the three-term PCA represented by (6) and (Bdl), vectors
s and s are constructed from auxiliary random vectors called w-injection and
h-injection, respectively, which are assumed to be arbitrary. At the same time,
a natural desire is to understand if there are approaches for choosing w and h
which may (or may not) improve the three-term PCA performance. Here, such

approaches are considered.

10.1. Case 1. Choice of w on the basis of Weierstrass theorem

For the three-term PCA represented by (@), a seemingly reasonable choice of
vector w is w = y? where y? is defined by the Hadamard product, y2 =y oy,
ie. by y3(w) = [y} (w),...,y2(w)]T, for all w € Q. This is because if 7 (y, w) in
@) is written as T (y,y?) = Toy + T1.F(y,y?), then T (y,y?) can be interpreted
as a polynomial of the second degree. If Ty and T are defined by Theorem [II
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then T (y,y?) can be considered as an approximation to an ‘idealistic’ trans-
form P such that x = P(y). On the basis of the Stone-Weierstrass theorem
, ], T (y,y?) should seemingly provide a better associated approximation
accuracy of P(y) than that of the first degree polynomial 7 (y) = Tyy. Nev-
ertheless, the constraint of the reduced ranks implies a deterioration of P(y)
approximation by T (y,y?) = Toy + T1y?. That constraint is not a condition of
the Stone-Weierstrass theorem. To the best of our knowledge, an extension of
the Stone-Weierstrass theorem to a best rank constrained estimation of x is still
not justified. Further, if for example, y = x+ & where £ is a random noise, then
y2 =x2 4 2x 0 & + &2, i.e., y? becomes even more corrupted than y. Another
inconvenience is that a knowledge or evaluation of matrices E,,» and E,2,2 is
difficult. For the above reasons, the choice of w in the form w = y? is not

preferable.

10.2. Case 2. Choice of w as an optimal estimate of x

Another seemingly reasonable choice of w-injection in (@) is w = Ay where

A=E,E}

yy?

- ie. w= EmyE;yy is the optimal minimal-norm linear estimation
of x B]y Nevertheless, in this case, s = A(y — EWE;;yy) and then

Eys = (Eyy — EbyEl By )AT =0

since Eyy = EuyE) Ey, B, p. 168]. The latter implies E,El, = Q. As
a result, by ([@6), 73 = O and then in (@), 7(y,w) = Tpy. In other words,
this choice of w is unreasonable since then the three-term PCA in (@), (4] is
reduced to the GBT1 in ﬂﬂ]

10.3. Case 3. Choice of h: ‘worse is better’

It has been shown in Theorem [ that the error associated with the three-
term PCA represented by (B8] decreases if vector s € L?(Q,RY) is replaced
with a new vector s € L2(Q, R4+M) of a larger dimension. Recall, in (B8], s is

formed from an arbitrary h € L*(Q,R"). In particular, for n = 0, B9) implies
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Emn,t41(50,51) = €mn,e(To,Th). Thus, the increase in n implies the decrease
in the error associated with the three-term PCA represented by [B6). Thus,
a reasonable (and quite surprising) choice of h is as follows: h is random and
7 is large. This is similar to the concept ‘worse is better’ [d], i.e., a random
h with large dimension 7 (‘worse’) is a preferable option (‘better’) in terms
of practicality and usability over, for example, the choice of w considered, for

2 is n and cannot

instance, in Case 1. In Case 1, the dimension of w = y
be changed while dimension ¢ can vary and, in particular, can be increased.
Another advantage over Case 1 is that there is no need to evaluate matrices
E,,» and E2,» as required in Case 1.

In Example [l that follows, we numerically illustrate Theorem Bl and Case 3.

Example 1. Let x = [x1,...,%X,|T € L?(,R™) represent a temperature dis-
tribution in m locations in Australia. Entries of x and corresponding locations

are represented in Table [

Entry Location Entry Location
X1 Canberra X18 Perth
X2 Tuggeranong X19 Kalgoorlie-Boulder
X3 Sydney X20 Broome
X4 Penrith X921 Hobart
X5 Wollongong X292 Launceston
X6 Melbourne X293 Devonport
X7 Ballarat X294 Darwin
Xg Albury-Wodonga X25 Alice Springs
Xg Bendigo X26 Tennant Creek
X10 Brisbane Xo7 Casey
X11 Cairns Xog Davis
X129 Townsville Xog Mawson
X13 Gold Coast X30 Macquarie Island
X14 Adelaide X31 Christmas Island
X15 Mount Gambier X392 Cocos Island
X16 Renmark X33 Norfolk Island
X17 Port Lincoln X34 Howe Island

Table 1: Distribution of entries of signal x and locations in Australia.

Suppose w € Q is associated with time t, € [0,24] of the temperature mea-

surement. Then x;(w), for j =1,...,m, is a temperature in the jth location at
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time t,,. The values of the minimum and mazimum daily temperature, and the
temperature at 9am and 3pm, in m = 34 specific locations of Australia, for each
day in 2016, are pmm’deﬁ by the Bureau of Meteorology of the Australian Gov-
ernment E/ In particular, the distribution of the mazximum daily temperature
in 2016 in all 34 locations in Australia is diagrammatically represented in Fig.
@ Let tyin and tyae denote times when minimal and mazimum temperature
occur. We denote by wy

Wy Woam and Wspm outcomes associated with

min? max

times tmin, tmaz, 9am and 3pm, respectively. Further, for j = 1,...,m, we
denote by X; (date) (w) a temperature in the j-th location at time t, on the date
labeled as ‘date’. For example, on 07/07/2016, the corresponding temperature
values in Ballarat are X7 (07/07/2016)(Wtynin) = 74, X7,(07/07/2016) (Woam) = 8.1,
X7 (07/07/2016) (W3pm) = 9.2, X7 (07/07/2016) (Wtpnar) = 9-5.

Let'y = Ax + £ where A € R™*™ s an arbitrary matriz with uniformly
distributed random entries and € € L*(Q,R™) is white noise, i.e. Ege = 1.
Further, let w € L?*(Q,R’) and h € L*(Q,R") be Gaussian random vectors
used in the three-term PCA given by (38), (37). It is assumed that noise & is
uncorrelated with x, w and h. Covariance matrices are represented in terms of
samples. For example, F, = %XWT and Enp = %HHT where X € R™*P,
W € R*P and H € R"™P are samples of x, w and h, and p is the number of
samples. Other covariance matrices are represented similarly. In this example,
we consider four specific samples of x as follows. Matrices X = Xoqm, € R™*366
and X = Xzpm € R™*36 represent the temperature taken each day in 2016 at
9am in all m locations. Entries of matrices Xmae € R™*36 and X,in €
R™*366 qre values of the mazimum and minimum temperature, respectively, for
each day in 2016 in all m locations. The database was taken from the Bureau

of Meteorology website of Australian Government B] Matrices W and H were
created by MATLAB command rand (m,p).

4There were 366 days in 2016. There are four values of temperature per day. Thus, we
have 1464 temperature values for 2016. From a statistical point of view, the temperature
measurements should be provided in more times of a day but such data are not available for
us.
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Figure 1: Values of maximal temperature in 34 locations of Australia in 2016

We consider eight different cases of simulations. In each case, matrix X is
chosen either as one of matrices Xoam, X3pm, Xmin, Xmaz, Or their combina-

tions as follows: For each case, the diagrams of the error associated with the

Case 1 | Case 2 | Case 3 | Case 4 Case b
X Xmin X9am X3pm Xmaw [X9am7 X3pm]
p 366 366 366 366 732
Case 6 Case 7 Case 8
X [Xmina Xmaz] [Xmina XQama XBpm] [Xmina XQama X3pm7 Xmam]
P 732 1098 1464

GBT1, GBT2 and three-terms PCA in form [38)-(57), for m =€ =3