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Generalized Brillinger-Like Transforms

Anatoli Torokhti and Pablo Soto-Quiros

Abstract—We propose novel transforms of stochastic vectors,
called the generalized Brillinger transforms (GBT1 and GBT2),
which are generalizations of the Brillinger transform (BT). The
GBT1 extends the BT to the cases when the covariance matrix
and the weighting matrix are singular, and moreover, the weight-
ing matrix is not necessarily symmetric. We show that the GBT1
may computationally be preferable over another related optimal
technique, the generic Karhunen-Loeve transform (GKLT). The
GBT2 generalizes the GBT1 to provide, under the condition we
impose, better associated accuracy than that of the GBT1. It is
achieved because of the increase in a number of parameters to
optimize compared to that in the GBT1.

Index Terms—Brillinger transform (BT), data compression,
filtering.

I. INTRODUCTION

Motivation: Recently, the transform of stochastic vectors
proposed by Brillinger [1, pp. 368-69, 457] has received con-
siderable attention in signal processing problems (see, e.g.,
[2]-[7]) as an effective tool for data compression and filter-
ing. The Brillinger transform (BT) F is represented in terms
of two matrices, F' = AC, where C' is designated for compres-
sion and A for decompression (they are called “compressor”
and “decompressor,” respectively). We wish to extend the BT
to more efficient transforms.

Contribution and novelty: The contribution of this work is
threefold. First, in Section II, we extend the BT to a generalized
first-order BT (GBT1) which is applicable to the cases when
the covariance matrix and the weighting matrix are singular,
and moreover, the weighting matrix is not necessarily sym-
metric. The proposed GBT1 is given in terms of pseudoinverse
matrices and therefore, it always exists, i.e., it is applicable
to cases where the BT is not. This is because BT performs
only under the assumption that the covariance matrix and
weighting matrix are invertible, and that the weighting matrix
is symmetric. These conditions might be restrictive [8] in
problems where the BT is applied. We note that the extension
of the BT to the GBTI is not straightforward and requires a
new justification based on Facts 1-3 in Section II-A.

Second, although the GBT1 provides the best decompression
accuracy, for the same compression ratio, among all trans-
forms of the form F' = AC' it may happen that the accuracy
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is still not satisfactory. In Section III, we propose and justify a
new transform called the generalized second-order BT (GBT2)
which provides, under the condition we impose, better associ-
ated accuracy than that of the GBT1.

Third, we show that the GBT1 requires a lower computa-
tional load than other related technique, the generic Karhunen—
Loeve transform (GKLT) [8]-[10]. This issue is elaborated in
Section III. Such an analysis provides a better understanding of
the two well-known data compression techniques.

A. Truncated SVD

Let the SVD of matrix M € R™*" be given by M =
UMZMVI\E, where Uy = [Ul Uy ... um] S Rme, Vi =
[v1 v2 ... v,] € R™™ are unitary matrices, and X,/ =
diag(o1 (M), ..., Omin(m,n)(M)) € R™*™ is a generalized
diagonal matrix, with the singular values o1 (M) > oo(M) >
-+ > 0 on the main diagonal. Let

rank (M) rank (M)
T mxm T nxn
Pyr = E urur € R , Pu,r= E vjv; €R
k=1 j=1

be the orthogonal projections on the range of M and M7,
respectively, and let

k
(Me =Y oi(M)u;v] € R™" (1)
=1

for k=1,...,rank (M), be the truncated SVD of M. For
k > rank (M), we define [M] = M (= M (ar)). For 1 <
k < rank (M), the matrix My, is uniquely defined if and only if
O’k(M) > Uk+1(M).

B. Special Notation

Let us write (2,3, 1) for a probability space.! We denote
by y = (y1,---,ym)" € L?(Q,R™) the signal of interest® (a
source signal to be estimated) and by x = (x1,...,%x,)7 €
L?(Q2,R™) the observed signal where y;,x; € L*(Q,R). Let
us write E[[|x||3] = [, [|x(w)]|3du(w), where ||x(w)]|2 is the
Euclidean norm of x(w) € R™. We assume that means E[y]
and F[x] are known. Therefore, without loss of general-
ity, we will assume henceforth that y and x have zero
means. Then, Eyy = Elyx"] = {e;;};;2, € R™*", where

eij = Joyi(w)x;(w)dp(w).
Furthermore, Mt and M2 denote the Moore—Penrose
pseudoinverse matrix and a matrix square root, respectively, for

. . . 1/2
matrix M. For the covariance matrix Fy, we denote Exf( t._

(E,l({f)f. E,l(,/fT is unique since Fxy is positive semidefinite.

0= {w} is the set of outcomes, X a o-field of measurable subsets of 2,
2 2[0, 1] an associated probability measure on X with p(€2) = 1.

2L2(Q, R™) is the space of square-integrable functions defined on © with
values in R™, i.e., such that [, [|x(w)||3du(w) < co.
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C. Review of the BT

Let £k < min{m,n}, I' € R™*™ be a symmetric invertible
weighting matrix, A € R™** and C' € R**™ be matrices of
a decompressor and compressor, respectively. The BT of x is
represented by matrices A and C' that solve

. 2
minE |1 (y — ACx)|3] )

Weighting matrix [ is used, based on a priori information, to
place a greater importance on some particular entries of the
observed data (in this regard, see, e.g., [11]-[13]).> Denote
T = I'Eyx Exil Exy I' and suppose that the SVD of T is given
byT = UrXy UZT . Under the assumption that E'x is invertible,
the BT in [1] is given by

C =Uf I'EyxEgl and A=TI"'Urp, 3)

where Ur ;. is formed by the first k columns of Uz.

II. GENERALIZED FIRST-ORDER BT (GBT1)
A. Derivation and Justification of GBT1

Here, we consider the generalized BT (GBT1) which is an
extension of the BT to the case in which Fy« and I are not
invertible, and moreover, I is not necessarily symmetric.

To this end, denote T, = I'Eyy Ef, Exy I'", Ur, X1, U], =
T, is the SVD of T,,, My =1+ (I — Prg)S and Mp =
I+ R(I - PE,I(,/f, )» where S and R are arbitrary matrices.
Furthermore, || - || denotes the Frobenius matrix norm.

Theorem 1: The GBT1 is represented by matrices Agp €
R™** and Cgg € R**™ such that

Ags = M I'"Ur, ), and  Cgp = Uf,  I'EyxEl Mp.
“)
The minimal norm GBTI is given by Agg = I''Ur, ). and
Cgp = U%; 7k,FnyE,T(x. For the fixed compression ratio ¢ =

m{mal the associated error is given by

€GBTI = ijlllélE [Ny — ACx)|I3]

H(FEnyT)l/2H2 — Q1 Q)

where ay = Z;Ll 0;(Ty), ry = k if k < rank (T) and r, =
rank (7) if k > rank (7}).
Remark 1: 1f Ef = EZ!, and matrix I" is symmetric and
invertible then (5) represents the error associated with the BT.
The proof of Theorem 1 is based on the following facts.
Fact I: Let Uy Xp Vi = M be the SVD of M € R™*",

rank (M) =r, k <r,Up = [u1 uz ... ug). Then,
(M), = Un,xUsy 1 M. (6)

For k > r, [M];, = [M], = M.
Proof: For convenience, we denote Uy = Upr i, Xk =
diag(ah . 7Jk), 05 = O'j(M), _] = 1, e ,k, and Vk = [’Ul,
., Ug]. Furthermore, let Oy, ,- be k X r zero matrix and let

Ur—k:[Uk+1,...7uT], Vf—k:[vk+17~-~,vr]
Sy : = diag(ogy1,...,00) and Oy, € RFX=H),

3Tt is customary to choose small weights where the errors associated with
particular entries of observed data are expected to be large, and vice versa.
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Then, for I, € RF¥F (1) implies
Xk Ok,r—k
©,11;,r7k Er—k

T
"

M, = UgI O r—k]

= U UL U, U2, VI = U UE M. =

We write A/(M) for the null space of matrix M. Fact 2: Let
P € R"™™ and Q € R"*™. Then,

N(PT) S N(@Q") = PP'Q=Q. @
Proof: By Lemma 23 in [8, p. 167]
N(PT) cN(@QT) = QT (PN PT =QT.

Then, (7) follows. [ |
Fact 3: The following equality holds:

rrt [FnyE}{,/fT] [FnyE,lc,/fT] - ®)

ki

;
Proof: We have N(I'") CN (B’ ELIT) and

N<E,1<§2TE§XFT> N <[E,£42*EyTer]k> Thus, N'(I'T) €

N [E,lc,/fTE;foT]k) . Then, (7) implies (8). o

oof of Theoreh 1: Let us denote w = [y. Recall
that E [[|w]|3] = [, r{w(w)w(w)” }dp(w) = tr(Eww) (since
| M]|? = tr(MM7T); see, e.g., [8, p. 167]). Then, for F} = AC
E[|I'(y — ACx)|3]

= tr1{ Byw — BwxFi TT — TFiEyw + T Exy FITT}

= ] - |

WwW WX xx

2

+ || B Er2' - rREY? ©

The latter is true because waExxElx = Fwx (see [8, p. 168])
and E;LXE}(,/C2 = i{fT. Denote by R(m,n, k) the set of all
m X n matrices of rank at most k. It has been shown in [14]
and [15] that the solution to problem

2

pomin BB - PR B (10)
is given by

F =M It [FnyE}(,/fT] ) EY2 0y, (11)
(see Remark 2 below), where by Fact 1

[FEyXE}({fT] = UraUf, JTEREY (12

If we denote Fy = Fgp; = AgpCag then (11) and (12) imply
(4). Furthermore, if in (9), I} is replaced with F5p; then

I'FEM?
= PML I [PEgEYZ'| B2 MpEL?
k

13)

f
where I'M;I't = I'Tt and ELMZ MRrEL? = BY2 EY2.

Therefore, (13) implies
FTEl/QZFFT |:FEy El/QT:| EI/ZTEl/Q
XX XXX k XX XX
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Here, on the basis of Lemma 42 in [8, p. 311]
[FE xEl/Qq B2 g2 [FE xEl/ﬂ
Y XX & XX XX Y XX k
and (8) is also true. Thus,
Mt [FnyE}(,/fT] ) EY2 My EY2
_ [FnyE}(,/ET] ) (14)

Then, for Fy = Fgpy = AgsCsp and Agp, Cgp given by (4),
the last term in (9) is written as

1/2F 1722
HFnyExx — [Fgp B

9 rank (T7)
:HFE),XE‘}Q/(QT—[FnyE}({fTLH - 3 (1)
’ j=k+1

=1 Uj(FnyE,lch). There-
fore, the error representation in (5) follows. Interestingly, (5)
does not depend on S and R, i.e., any their choice (e.g., S =
O m, R = Oy, 5,) results in the same associated error. |
Remark 2: In [14] and [15], the proof of (11) is based on
1A= TFG| = |A— 2|, where A = Bwx X', G = EL2,
AN=ULANVg, Z =SrF1YqF = VEFRUg.
Example 1: Let Eyy, Exx be formed by 6 x 3 sample matri-
ces Y and X =Y 4 0.16, where Y has uniformly distributed
entries and © has normally distributed entries with mean 0 and
variance 1. The entries are chosen randomly. Then, Ey, and
F«x are singular and the BT is not applicable. The GBT1 is
applicable and, for £ = 2 and diagonal I" with random entries
within (0, 1), the associated error is 0.02.

+
since ||FnyE)1c{(2 12 = Zrank (Ty)

B. Numerical Load. Comparison With the GKLT

In a number of applied problems, dimensions m, n of asso-
ciated covariance matrices are large. For instance, in the DNA
array analysis [16], [17], m = O(10%*). In this case, the associ-
ated numerical load needed to compute the covariance matrices
increases significantly. Therefore, a method which requires a
lower associated numerical load is, of course, more prefer-
able. In addition to the advantages of the GBT1 mentioned in
Section I, another advantage is that the computational load for
the GBT1 is less than that for the GKLT [8]. The GKLT is the
optimal technique related to GBT1 and is represented here by
(11). The computational schemes for the GBT1 and GKLT are
different. In particular, the GBT1 requires to compute Ur, j
from the eigendecomposition of the m x m symmetric matrix
T, whereas the GKLT requires to compute the whole SVD of

. . T
the nonsymmetric m x n matrix I” nyE,lc{(2 .

Table I provides estimates of the number of flops required
T
to compute Ur, 1, for the GBT1, and the SVD of I“nyEl/2

for the GKLT, by the Golub—Reinsch SVD method and the R-
bidiagonalization method (R-SVD), for m = n, as it given in
[18, p. 254].

The GBT1 computational load (Lggt;) consists of com-
putation of matrices E,T{x and Ur, ;, and matrix products

EyxEl., Ty, and AggCcgp. The GKTL computational load

XX

. . . T .
(Lgkrr) consists of computation of matrix E,l(f , matrix
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TABLE I
ESTIMATES OF FLOP NUMBERS
Flops
Required Golub-Relisch SVD || R-SVD
Ur, 12m3 13m?
SVD of I'Eyy(Fae )t 21m? 26m>

100

)
£ 40
£
20
102
0 5 10 15 20 25 30 35 40 45 50
Dimension (m)
(@)
1500
1000
@1750
(]
E 500
=
250
0?

5

Dimension (m)
(b)

Fig. 1. Time versus matrix dimension m used to execute the GBT1 (dashed
line) and GKLT (solid line), for (a) s = 2m and (b) s = m/2.

E1/2T

XX

121/2T

product I'Eyy <% , and matrix

product I'f [FnyE,lch]

the SVD of I'Eyy
E1/2T

XX -
k

and n X p requires approximately 2mnp flops, for large n. On
this basis, form =n, I' = I, S = O, p,, R = Oy, and U,

t
and the SVD of nyE}({f evaluated by the R-SVD

Matrix product of m X n

LGBT] = 35’/77f3 + 2m2k and LGKLT = 52m3

t
For Ur, and the SVD of nyE,lc,/c2 evaluated by the Golub—
Relisch SVD

LgT1 = 34m? + 2m?k and Lgxit = 47m3.

Of course, Lgpri and Lgkrr are evaluated approximately. A
difference between Lggt; and Lgkyt increases if the covariance
matrices are singular. Example (2) illustrates it.

Example 2: We simulate y and x by matrices Y € R™**
and X € R™*® as in Example (1) but with different m, s.
The diagrams in Fig. 1(a) and (b) represent time versus
matrix dimension m used to execute the GBT1 and GKLT, for
¢ =m/4. For s = m/2, the covariance matrices are singular.
Fig. 1 illustrates the GBT1 advantage considered above, i.e.,
that the GBT1 is faster than the GKLT.

ITT. GENERALIZED SECOND-ORDER BT (GBT2)

Now, we consider the generalized second-order BT (GBT2)
in the form F(x) = DCyx+ DCyv that contains three
matrices to optimize, D, Cq, and Cs, i.e., one matrix more
than the GBT1. Here, v is an “auxiliary” signal used to further
optimize the transform. We show that, because of the increase
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in a number of parameters to optimize, the GBT2 may provide
better accuracy than that of the GBT1.

A. Determination of D, C1, and Cs
Optimal D € R™*F C; € R¥*", and Cy € R¥*" solve

min, E [|I(y = DICix -+ Cov))3]

15
D,C1,Cs (15)

To find D,C,Csy, we denote z = i,( , N =T+ (I -

Prg)S,and Np =TI+ K(I — PE;z/z L), where S and K are
arbitrary matrices. Matrix 7, and its SVD are defined similar
to 7, and the SVD of T, respectively, in Section II. Here, v is
still arbitrary.

Theorem 2: Optimal D = DM, and ¢y = ¢
Y are given b
) given by

DY = NI Uz, [0, V] =

and Cy =

Uf. wI'Ey,E},Ng. (16)
For the fixed compression ratio ¢, the associated error is

_min E[|I(y ~ DCix + Cov))]

,C1,C2

= (I Eyy) ' 2)1? = az(v)

where ao(v) =377, 04(T.), . =k if k <rank (T.) and
r, = rank (T) if k& > rank (77).

Proof: The proof is similar to the proof of Theorem 1
subject to the appropriate changes in notation. |

egm2(v) =

7)

B. Determination of v

1) First Method: The practical approach is to replace the
cost in (15) with the sample version, J(D,Cy,Cs,Y, V) :=
|L(Y —D[C1 X +CoV))||? =G —HV|]?, where
Y eR™S, X € R"® are samples of y, x, respectively,
VeR"™, G=I'(Y —-DC,X) and H =IDC5. In this
setting, we determine optimal V iteratively as follows.

First, for an arbitrary V, determine optimal D), C{l),
M such that J(DW, M ¢V, V) = minp ¢, ¢, J(D,
C1,C,,Y,V). Then, DM, C’fl), C’él) are given as in (16)
where Ely, is replaced with s 'Y Z7 where Z = [X T, VT|T.

write Y = trpWicVx + c{VV]. Second, find
D@ c® cf? such that J(D®, P P vV V)=
minp o,.c, J(D,C1,Co, YV V). Find the minimal-
norm V@ such that J(D®), C(2) 02(2), Yy, vy =
miny J(D®,C? ) v V). Then,

v — H(Q)Tp(y(l) _ D(2)0§2)X)7 (18)
where H?) = FD(Q)C’§2). Then the procedure is repeated with
V() instead of V until the tolerance for the estimate of Y is
achieved.

Convergence will be elaborated and reported elsewhere in the
near future.

2) Second Method: 1In particular, v can be chosen as v =
x?2, where x? is given by x*(w) = [x?(w),...,x2(w)]T and
x3(w) = [x;(w)]?. Although this choice of v is simple, it is not
optimal.

Furthermore, the error representations in (5) and (17) imply
eceT1 — €6BT2(V) = a(Vv) — g, Therefore, if a1 < aa(v)
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Fig. 2. Example 4: Illustrations to conditions « <a2(x2),
az(V19)) (a) and MSEs (b).

ap <

then, for the same compression ratio ¢, the error associated with
the GBT2 is less than that of the GBT1, i.e., egpr2(V) < €GBT!I-
The condition a1 < az(v) can be used in testing experiments
as those in Examples (3) and (4) below.

C. Models of Compressor and Decompressor by GBT2

Compressed signal is represented by u= Cix+ Cyv.
Compressor and decompressor are represented by C and Cs,
and D, respectively.

Example 3: Let x =1y + 026 where y € L?(Q,R10)
is a uniformly distributed random vector, o € R, v = x>
and ¢ € L?*(9,R'%9) is white noise. Vectors x, y, and
& are assumed to be independent. Therefore, Ey, =

1/3, i=
{UZJ}” 1 Ty = {1/4’

Exx = Eyy + Ege, Eyse = {\ij}920, Aij =

i j Eyx = Eyy, Fee = 0?1,
1/4, i=j
1/6, i# ],
where T Byoye=

1/5, i=j

Ey, = [EyyEyx2], z=[xT(v)

{UU}” 10 HMij Eeez = 2041, and E,, =

1/9, i #j,
{g;; Ex2x2E—T-yE£2§2 . Let, e.g., k = 50 and o = 0.4. Then,
o] = 27.7, Qg = 30.0, and EGBT1 = 7.01, EGBT2 = 5.8.
Example 4: Let y be a uniformly distributed random vector,
X = 51y + 820, $1,82 € [0.1,10] and § is a Gaussian random
vector with mean zero and variance one. The covariance matri-
ces are formed from samples Y € R59%150 and X € RPOX150,
In each test, Y, X, and diagonal I" with entries within (0, 1)
are chosen randomly. In Fig. 2(a), for s; = 0.5 and so = 8,
conditions a; < aa(x?), ay < ap(V19) are illustrated where
values of a; and oo are represented versus experiment num-
bers. In Fig. 2(b), for the same s; and s, values of the errors
are given. In all 100 experiments, the GBT2 with optimized
V given by V(19 provides better associated accuracy. In fact,
Fig. 2 represents typical diagrams of the experiments we made
for different values of s1, s2 € [0.1, 10].
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